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Summary
The C-metric describes a pair of black holes uniformly accelerating apart from each other. We
advocate a new form of the C-metric, which is related to the traditional one by a coordinate
transformation. It has the advantage that its properties become much simpler to analyze. We
explore the extension of this idea to the rotating (charged) C-metric. However, it turns out
that the new form of the rotating C-metric is physically distinct from the one in the traditional
form, and so they cannot be related by a coordinate transformation.
vii
Notations
• Natural units: G = ~ = c = 1
• Metric signature: (− + + + · · ·)
• Four-dimensional Weyl/Weyl-Papapetrou coordinates: (t, ρ, z, ϕ)




– e: electric charge
– g: magnetic charge
– a: angular momentum
– Λ: cosmological constant
– A: one-form gauge field
– φ: dilaton field
– α: coupling constant between dilaton and gauge field





Black holes have always been a fascinating subject after Albert Einstein formulated the Gen-
eral theory of Relativity (GR) at 1916. It is not an exaggeration to say that one of the most
exciting predictions of GR is that there may exist black holes: objects whose gravitational
fields are so strong that no physical body or signal can break free of their pull and escape.
A black hole is formed when a body of mass M contracts to a size less than the critical
radius r = 2GM/c2 (G is Newton’s gravitational constant and c is the speed of light), known
as the event horizon of the black hole. The escape velocity to leave the event horizon and move
to infinity equals the speed of light. Therefore, both particles and signals cannot escape from
the region inside the event horizon since the speed of light is the limiting speed for physical
signals. This horizon then acts like a one-way horizon: particles and signals can enter it from
outside but they cannot escape from its interior. An observer who is at rest at infinity sees an
infalling observer taking an infinite amount of time to reach the horizon. However, according
to the infalling observer, he takes only a finite amount of time to cross the horizon. Once he
has crossed the horizon, he is doomed to fall into the central singularity in which he will suffer
an infinite tidal force.
GR is required for the description of black holes. At first glance, it may appear that
we cannot hope to obtain an acceptable description of black holes due to the complexity
of the equations involved, i.e. nonlinearity. Fortunately, the first black hole solution was
discovered by Schwarzschild a few months after the formulation of GR in 1916. Ever since
then, exact solutions describing black holes have always been of theoretical interest. Many
black hole solutions have been found after that. In particular, the charged generalization of
1
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the Schwarzschild solution, known as the Reissner-Nordstro¨m solution, was discovered in 1918.
It was followed by the discoveries of the rotating generalization of the Schwarzschild solution,
the Kerr solution, in 1963 as well as its charged counterpart, the Kerr-Newman solution, in
1965.
So far, all the aforementioned black hole solutions are in an asymptotically flat spacetime.
It is also important to study back hole solutions in asymptotically de Sitter (dS) spacetimes,
i.e. spacetimes with a positive cosmological constant (Λ > 0), and anti-de Sitter (AdS) space-
times, i.e. spacetimes with a negative cosmological constant (Λ < 0). Both de Sitter and
anti-de Sitter spacetimes have spherically symmetric black hole solutions which are the direct
counterparts of the asymptotically flat Schwarzschild, Reissner-Nordstro¨m, Kerr and Kerr-
Newman black holes. Apart from these, the four-dimensional AdS background also allows for
black holes with non-spherical horizons. These include two other families of solutions, i.e. so-
lutions with cylindrical, toroidal or planar topology and solutions with hyperbolic topology
(see [42] for a review).
In four-dimensional spacetime, there is a wide variety of the black hole solutions (see
[138]). The main difficulty is then the appropriate physical interpretation of these solutions.
The best example is the C-metric solution, first discovered by Levi-Civita [101] and by Weyl
[145] in 1918-1919, that has only been interpreted after the work by Kinnersley and Walker
[94]. Another exact solution known as the Ernst solution [65] can also be constructed from
the C-metric.
The C-metric and the Ernst solution describe two uniformly accelerated black holes in
opposite directions under a source of acceleration. The closest analogy is the pair of oppositely
charged particles that are created in the Schwinger process. Recall that in the Schwinger
process virtual and short-lived particles are being created and rapidly annihilated in the
vacuum. If there exists an external electric field, some of these particle-antiparticle pairs
may receive enough energy to materialize and become real particles. These particles are
then accelerated away by the external Lorentz force and describe an uniformly accelerated
hyperbolic motion approaching asymptotically the speed of light. These two charged particles
approach each other until they come to rest and then they reverse their motion away from each
other. In the case of the C-metric, each particle is replaced by a black hole with its horizon
that describes a hyperbolic motion due to the string tension or strut pressure. When the black
holes are charged, the acceleration can be furnished by the background electromagnetic field
which is exactly described by the Ernst solution.
In this thesis, we advocate a new form of the C-metric, with an explicitly factorizable
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structure function. Although this form is related to the usual one by a coordinate transfor-
mation, it has the advantage that its roots are now trivial to write down. We show that this
leads to potential simplifications, for example, when casting the C-metric in Weyl coordinates.
These results also extend to the charged C-metric, whose structure function can be written
in the new form G(ξ) = (1 − ξ2)(1 + r+Aξ)(1 + r−Aξ), where r± are the usual locations
of the horizons in the Reissner-Nordstro¨m solution. As a by-product, we explicitly cast the
extremally charged C-metric in Weyl coordinates.
We also extend the idea to the rotating charged C-metric, where r± are now the usual
locations of the horizons in the Kerr-Newman black hole. Unlike the non-rotating case, this
new form is not related to the traditional one by a coordinate transformation. We show that
the physical distinction between these two forms of the rotating C-metric lies in the nature
of the conical singularities causing the black holes to accelerate apart: the new form is free of
torsion singularities and therefore does not contain any closed timelike curves. We claim that
this new form should be considered the natural generalization of the C-metric with rotation.
§ 1.2 Historical review of the C-metric
The C-metric was originally discovered by Levi-Civita [101] and Weyl [145] in 1918-1919 as an
exact solution of Einstein’s field equations. However, no further study was made at the time.
It was rediscovered by Newman and Tamburino [117] in 1961 and Robinson and Trautman
[132] in 1962. Robinson and Trautman were the first to recognize one of the interesting
features of the C-metric,
“The Riemann tensor contains the 1/r term which seems characteristic of ra-
diation. The metric, however, admits a hypersurface-orthogonal Killing field. The
solution might, therefore, be described as both static and radiative.”
In 1963, Ehlers and Kundt [52] classified degenerate vacuum solutions and put this Levi-Civita
solution into the C slot of the table they constructed. From then onwards, this solution has
been called the C-metric.
Although the C-metric had been studied from a mathematical point of view over the
years, its physical interpretation remained unknown until 1970. Kinnersley and Walker [94]
showed that the vacuum C-metric solution describes a pair of black holes undergoing uniform
acceleration apart from each other. They noticed that the original solution was geodesically
incomplete. By defining suitable new coordinates, they extended it analytically and studied
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its causal structure. They also identified the source of the acceleration as being a strut in
between pushing the black holes away, or two strings from infinity pulling on each of the black
holes. Furthermore, they pointed out that the vacuum C-metric is a member of the Weyl
static axially symmetric class, whose mass sources are determined by the solutions of the
Laplace equation. The electromagnetic generalization of the vacuum C-metric, which is now
known as the charged C-metric, was also discovered by them. This can be interpreted as the
solution of the Einstein-Maxwell field equations for a pair of charged black holes uniformly
accelerating apart. The geometrical properties of the C-metric were further investigated by
Farhoosh and Zimmerman [68] and the asymptotic properties of the C-metric were analyzed
by Ashtekar and Dray [1].
In 1983, Bonnor [9] explored in detail the physical interpretation of the vacuum C-metric.
He transformed the vacuum C-metric into the Weyl form, in which the metric represents
a finite line source (in fact the horizon of the black hole) and a semi-infinite line source
(corresponding to the acceleration horizon), with a strut holding them apart. By another
transformation, Bonnor enlarged the spacetime so that it became “dynamic”, representing
two black holes uniformly accelerated by a spring joining them which confirmed the physical
interpretation given by Kinnersley and Walker [94]. Bonnor [10] further showed that the mass-
less charged C-metric solution corresponds to the electromagnetic Born solution describing
uniformly accelerated charges in the weak field limit.
In 1995, Cornish and Uttley [34] presented a simplified version of Bonnor’s approach to the
interpretation of the vacuum C-metric. They also extended their study to the massive charged
C-metric solution [35]. Wang [143] derived the C-metric under appropriate conditions starting
from the metric of two superposed Schwarzschild black holes. The black hole uniqueness
theorem for the C-metric was proved by Wells [144] and the geodesic structure of the C-
metric was studied by Pravda and Pravdova [127]. The limit when the acceleration goes to
infinity was analyzed by Podolsky and Griffiths [123]. Dowker and Thambyahpillai [50] have
found a solution describing an arbitrary numbers of collinear accelerating neutral black holes.
In 2003, Hong and Teo [88] rewrote the charged C-metric in a new form that simplifies the
analysis on the charged C-metric.
It is to be noted that the C-metric is an important and explicit example of a general class of
asymptotically flat radiative spacetimes with boost-rotation symmetry and with hypersurface
orthogonal axial and boost Killing vectors. The geometric properties of this general class of
spacetimes have been investigated by Bicak and Schmidt [7] and the radiative features were
analyzed by Bicak [3] (see also the recent review by Pravda and Pravdova ([126]).
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In 1975, Ernst [65] embedded the magnetically charged C-metric solution into a background
magnetic field. In this case, the conical singularity associated with the charged C-metric can
be removed by choosing an appropriate strength of this background magnetic field. The
acceleration of the black holes is provided by the external background magnetic field. This
solution is called the Ernst solution. It represents a pair of oppositely magnetic charged black
holes undergoing uniform acceleration in a background magnetic field. The electrical version
of this solution can be found in Brown [20].
In 1976, a very general class of dyonic solutions to Einstein-Maxwell theory (including a
cosmological constant) was found by Pleban´ski and Demian´ski [121]. This solution consists
of seven arbitrary parameters γ, , m, n, e, g and Λ. The first two parameters are non-
trivially related to the acceleration and angular momentum of the solution while the next
four parameters are respectively related to its mass, ‘NUT’ parameter, electric and magnetic
charge. The last parameter is the cosmological constant. These identifications were made
by considering how some known solutions, such as the Kerr-Newman-NUT solution and the
C-metric, can be recovered as special cases of this solution after different transformations.
In 1994, Dowker et al. found the dilatonic generalization of the charged C-metric for
arbitrary dilaton coupling α [49]. For each value of α, there exists a three-parameter family of
black hole solutions labeled by massm, the magnetic (or electric) charge q and the acceleration
A. This solution describes a pair of dilaton black holes uniformly accelerating apart. Using
the dilatonic generalization of the Ehlers-Harrison type transformation [85], they also found
the dilatonic generalization of the Ernst solution. By choosing the parameters appropriately,
the background magnetic field can provide exactly the right amount of acceleration to remove
the conical singularities.
The rotating generalization of the C-metric has been studied by Farhoosh and Zimmerman
[69, 70], Letelier and Oliveira [100], Bicak and Pravda [6], and Pravda and Pravdova´ [129].
In particular, the stationary regions of this solution have been transformed into the Weyl-
Papapetrou form and then to coordinates adapted to boost-rotation symmetry. It is the only
example of a boost-rotation symmetric spacetime with spinning sources known today [128].
This solution is known as the “spinning C-metric” and was interpreted as two uniformly
accelerated spinning black holes connected by a cosmic strut and/or cosmic string. There
are, in general, torsion singularities, in the “spinning C-metric” and therefore closed timelike
curves (CTCs) necessarily exist in the neighbourhood of the torsion singularities. This is
pathological and thus physically undesirable. In 2004, Hong and Teo [89] presented a new
form of the rotating charged C-metric solution which is physically distinct to the “spinning
C-metric”. This solution is free of torsion singularities and hence does not contain any CTCs.
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Therefore, this solution should be considered as the natural generalization of the C-metric
with rotation.
The extension to the study of the C-metric with a cosmological background has also been
carried out recently. The de Sitter (dS) case (Λ > 0) has been analyzed by Podolsky and
Griffiths [124], and studied in detail by Dias and Lemos [44] and Krtous and Podolsky [98].
The anti de Sitter (AdS) case (Λ < 0) has been studied, in special instances, by Emparan,
Horowitz and Myers [57, 58], Podolsky [122] and Krtous [97], and in its most general case
by Dias and Lemos [43]. In general, C-metric type solutions describe a pair of uniformly
accelerated black holes. This is indeed the case in the flat and dS backgrounds. However,
in an AdS background, the situation depends on the relation between the acceleration A of
the black holes and the cosmological length ` ≡ √3/|Λ|. It can be divided into three cases,
namely A < 1/`, A = 1/` and A > 1/`. The A < 1/` case was the one analyzed by Podolsky
[122] and Krtous [97], and the A = 1/` case has been investigated by Emparan, Horowitz
and Myers [57, 58]. Both cases, A < 1/` and A = 1/`, represent a single accelerated black
hole. Only the A > 1/` case describes a pair of uniformly accelerated black holes in an AdS
background [43, 97].
Very recently, Griffiths and Podolsky [81] presented a family of solutions which describes
the general case of a pair of accelerating and rotating charged black holes in a very convenient
form. A generally non-zero NUT parameter is included, but the cosmological constant is
taken to be zero. In appropriate limits, this family of solutions explicitly includes both the
Kerr-Newman-NUT solution and the C-metric, without the need for further transformations.
The possibility of accelerating NUT solutions was also discussed. They further presented
a new form of the Pleban´ski and Demian´ski solution in which the parameters are given a
clear physical meaning and from which the various special cases can be obtained in a more
satisfactory way [82]. The global aspects of this solution (with zero cosmological constant) has
also been studied in [83]. In particular, the metric was first cast in the Weyl-Lewis-Papapetrou
form. After extending this up to the acceleration horizon, it was then transformed to boost-
rotation-symmetric form in which the global properties of the solution are manifest. The
physical interpretation of these solutions was thus clarified.
§ 1.3 Motivations
The motivations to study C-metric solutions are two-fold. Firstly, the C-metric describes a
generic two black hole system in which these two black holes are not in equilibrium. Till now,
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a reasonable understanding of single black hole systems, such as Schwarzschild, Reissner-
Nordstro¨m, Kerr, Kerr-Newman as well as their dS/AdS counterparts, has been well es-
tablished. However, studies on general multiple black holes systems are far from complete.
Nevertheless, we do have solutions describing multiple black hole systems. Well-known so-
lutions include the Israel-Khan solution [93], describing multi-collinear-Schwarzschild black
holes, and the Majumdar-Papapetrou solution [103, 120], describing an arbitrary number of
extremal Reissner-Nordstro¨m black holes.
A natural starting point to investigate the multiple black hole systems would be to con-
sider the system consisting of only two black holes. Regarding this problem, two identi-
cal Schwarzschild black holes [93], two identical extremal Reissner-Nordstro¨m black holes
[103, 120], two identical Kerr black holes [96, 118, 47] as well as two identical Kerr-Newman
black holes [104] have been studied. A system consisting of two static black holes carrying
equal but opposite electric [29]/magnetic [8] charges, known as black dihole [55], has also been
studied. Studies on the non-extremal [61] as well as rotating [105, 106] generalizations of the
black dihole solution have also been carried out.
In all the aforementioned multiple (or two) black hole systems, the black holes are inter-
acting in such a way that they are in dynamical equilibrium. There exists a strut connecting
the two black holes that exerts an outward pressure which cancels the inward gravitational
attraction. The distance between the two black holes then remains fixed and they are held
in equilibrium. However, in the case of C-metric, the two black holes are not interacting
gravitationally. The necessity of the strut pressure (or string tension) is not to oppose the
gravitational attraction, but to provide the acceleration of the black holes. It is to be noted
that the necessary acceleration of the black holes could also be provided by a background
magnetic field.
Secondly, the C-metric type solutions are now being used to investigate the process of
pair creation of black holes in semi-classical quantum gravity, in particular, via the instanton
method. The regular instanton that describes the pair creation process of black holes in an
external field can be obtained by analytically continuing (i) the Ernst solution; (ii) the de
Sitter black hole solutions; (iii) the C-metric; (iv) a combination of the above solutions; or
(v) the domain wall solutions. Each of these instantons corresponds a different way by which
energy can be furnished to materialize the pair of black holes and then accelerate them apart.
It is therefore important to have a rather good understanding of the C-metric solutions at the
level of classical general relativity.
For completeness, we now give a rather brief historical overview of the pair creation of
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black holes in an external field (see [42] for details). Gibbons [76] first suggested that a
pair of extremal charged black holes could be produced in a background magnetic field in
1986. He proposed the appropriate instanton describing the process could be obtained by
euclideanizing the extremal Ernst solution. This expectation was later confirmed by Garfinkle
and Strominger [74]. In addition, they constructed an Ernst instanton to describe the pair
creation of non-extremal black holes. However, it was Garfinkle, Giddings and Strominger [73]
who performed the explicit calculation of the pair creation rate of non-extremal black holes.
Later on, the problem of the pair creation of dilaton black holes in a background magnetic
field was also studied [49, 48].
The study of the pair creation of black holes in a dS background began in 1989 by Mel-
lor and Moss [111, 112] who identified the instantons describing the process. The detailed
construction of these instantons was done by Romans [133] later on. However, the explicit
calculation of the pair creation rates of neutral/charged black holes in a dS background was
done by Mann and Ross [110]. Also, Booth and Mann [15, 16] have analyzed the cosmological
pair production of charged and rotating black holes. The pair creation of dilaton black holes
in a de Sitter background has also been discussed by Bousso [17].
In 1995, Hawking and Ross [87] and Eardley, Horowitz, Kastor and Traschen [51] discussed
a process in which a cosmic string breaks and a pair of black holes is produced at the ends of
the string. The string tension then pulls the black holes away, and the C-metric provides the
appropriate instanton to describe their creation. We can also consider a pair creation process,
studied by Emparan [54], involving a cosmic string breaking in a background magnetic field.
The instanton describing this process is a combination of the Ernst and C-metric instantons.
Another process that involves black hole pair creation in a combination of background fields
include a cosmic string breaking in a dS background [46] and in an AdS background [41]
respectively. The gravitational repulsive energy of a domain wall provides another mechanism
for black hole pair creation. This process has been studied by Caldwell, Chamblin and Gib-
bons [25], and by Bousso and Chamblin [18] in a flat background, while in an anti-de Sitter
background the pair creation of topological black holes (with hyperbolic topology) has been
analyzed by Mann [108, 109].
§ 1.4 Organization of the thesis
The organization of the thesis is as follows. In Chapter 2, we will present a new form of
the uncharged C-metric [88]. We first present the coordinate transformation relating the
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traditional and the new form of the uncharged C-metric. It is followed by the presentation
of a generic coordinate transformation relating the static C-metric type solution to the Weyl
form. We will then cast the new form of the uncharged C-metric into the Weyl form explicitly.
This is then followed by a detailed analysis of the new form of the uncharged C-metric in both
coordinate systems.
In Chapter 3, a new form of the charged C-metric [88] is presented together with the
coordinate transformation relating it to the traditional form. This solution is then cast into the
Weyl form explicitly by making use of the generic coordinate transformation found previously.
The properties of the charged C-metric are then highlighted in parallel with the new form of
the uncharged C-metric. We then present the Weyl form of the extremal charged C-metric
in detail. It is followed by a digression on the Harrison transformation. Making use of this
transformation, the new form of the Ernst solution is constructed from the new form of the
charged C-metric. The properties of this solution are then discussed.
In Chapter 4, we will present a new form of the rotating uncharged C-metric [89]. We will
start off with a summary of the solution found by Pleban´ski and Demian´ski [121] in 1976.
This solution is a generalization of the C-metric with rotation, cosmological constant, “NUT”
parameter, electric and magnetic charge. It is followed by a review of the reparameterization
of the old form of the rotating C-metric from the Pleban´ski-Demian´ski solution [129]. After
that, we will write down the new form of the rotating uncharged C-metric and cast it into
the Weyl-Papapetrou form. In this case, this new form of the rotating uncharged C-metric
is physically distinct to the traditional form. The physical properties of the new form of the
rotating C-metric will then be discussed in detail and compared it to the usual form.
In Chapter 5, we extend the idea to the rotating charged case and write down the new form
of the rotating charged C-metric [89]. The properties of this solution are briefly mentioned in
parallel with the uncharged case. We next review the stationary Harrison transformation first
developed by Ernst [64]. We then apply this transformation to the new form of the rotating
charged C-metric to obtain the rotating Ernst solution which is the rotating generalization
of the Ernst solution [65] found in 1976. The properties of this solution are then briefly
mentioned.
In Chapter 6, we begin with a review on the static dilaton charged black hole solutions.
It is then followed by a discussion of the solution-generating technique by Emparan and Teo
[61]. Next, we will outline the procedure to generate the new form of the dilaton C-metric
from the new form of the charged C-metric. The coordinate transformation between the new
form and the old form in [49] will then be presented. The properties of the solution are then
§ 1.4. Organization of the thesis 10
studied in detail. We then review the dilatonic Harrison transformation and apply it to the
new form of the dilaton C-metric to obtain dilaton Ernst solution. The properties of this
solution will then be studied.
In Chapter 7, we first review the generalized Weyl formalism [59]. We then construct a
solution, which we identify as a five-dimensional “C-metric”, following the generalized Weyl
formalism. The properties of this solution are then studied. It is followed by a review on
Davidson and Gedalin’s [39] and Teo’s [140] solution generating techniques. Making use
of these two solution generating techniques, we construct a solution, which we identify as
a five-dimensional “dilaton C-metric” solution, from the new form of the four-dimensional
charged C-metric. The properties of the solution are then presented. We further embed this
solution into a background electromagnetic field using the five-dimensional dilatonic Harrison
transformation [140].
The thesis ends off with various suggestions as well as some possible avenues for future
research in Chapter 8.
Chapter 2
Uncharged C-Metric
In this chapter, we will first present a new form of the uncharged C-metric. This solution
describes a pair of uniformly accelerated black holes. It is then followed by the coordinate
transformation relating the old and new forms of the uncharged C-metric. After that, we will
present a generic coordinate transformation between the static C-metric type solution and
the Weyl form. This will then be used to cast the uncharged C-metric into the Weyl form
explicitly. The properties of the uncharged C-metric are then studied in detail.
§ 2.1 New form















where G(ξ) is any cubic polynomial of the form
G(ξ) = a0 + a1ξ + a2ξ
2 + a3ξ
3 . (2.2)
The cubic polynomial G(ξ) is called the structure function in the literature.
We can study the physical content of this solution via its curvature invariant quantities.
The simplest non-vanishing ones are
CαβγδC
αβγδ = 12a23(x− y)6 ,
CαβγδC
γδµνC αβµν = −12a33(x− y)9 , (2.3)
11
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where Cαβγδ is the Weyl conformal tensor. Recall that those parameters that do not appear
in the curvature quantities are called kinematic parameters and those that appear in the
curvature quantities are called dynamical parameters [121]. Based on the expressions (2.3), it
is revealed that the coefficient of the cubic term in the structure function G(ξ), i.e., a3, is the
only dynamical parameter in the uncharged C-metric solution.
Upon setting the value of the parameter a3, the physical content of this solution would be
fixed. However, we will still have the freedom to choose the values of the parameters a0, a1, a2
since these are kinematic parameters and they will not change the physical content of the
spacetime.
As suggested by Kinnersley and Walker [94], the following parameterizations have been
adopted:
a0 = −a2 = 1 , a1 = 0 , a3 = 2m˜A˜ . (2.4)














where the structure function G˜(ξ) is given by
G˜(ξ) = 1− ξ2 − 2m˜A˜ξ3 , (2.6)
and m˜ and A˜ are positive constants satisfying m˜A˜ < 1/
√
27 . The latter constraint is to ensure
that the structure function (2.6) has three distinct real roots. It is to be noted that the case
of double root corresponds to either an accelerated Chazy-Curzon particle [37, 14, 4, 5] or a
black hole event horizon touches the Rindler horizon [147]. The case of complex conjugated
roots and another real root would correspond to the accelerated Morgan-Morgan disc [79]. In
what follows, we will limit our work to the case of three distinct real roots.
This is a solution of Einstein’s vacuum field equations and describes a pair of black holes
undergoing uniform acceleration apart from each other. We have introduced tildes on the top
of the coordinates and parameters of this solution, to distinguish them from those that would
appear in the new form of the uncharged C-metric. Here, m˜ is a parameter related to the
ADM mass of the non-accelerated black holes and A˜ is related to the acceleration of the black
holes.
The fact that G˜(ξ) is a cubic polynomial means that one in general cannot write down
simple expressions for its roots. Since these roots play an important role in almost every
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analysis of the uncharged C-metric, most results have to be expressed implicitly in terms
of them. Any calculation which requires their explicit expressions would naturally be very
tedious if not impossible to carry out [9, 34].
We advocate a new form of the uncharged C-metric [88], which is given by (2.5) but with
the structure function
G(ξ) = (1− ξ2)(1 + 2mAξ) , (2.7)
where now 0 < mA < 1/2. This constraint is adopted such that the solution will have a well-
behaved small acceleration limit. When expanded, it differs from (2.6) only in the presence
of a new linear term.
It has been justified that only the coefficient of the cubic term in the structure function
is a dynamical parameter. Hence, the presence of this linear term will not alter the physical
content of the spacetime. Indeed, the two forms of the uncharged C-metric are related by a
coordinate transformation together with a redefinition of the parameters m and A. However,
with the new structure function (2.7), it is now a trivial matter to write down its roots
explicitly, and this would in turn simplify certain analyses of the uncharged C-metric.
§ 2.2 Coordinate transformation
In this section, we will present a coordinate transformation relating the old and new forms of
















G(ξ) = 1 + 2mAξ − ξ2 − 2mAξ3 . (2.9)
To turn the uncharged C-metric (2.5), (2.6) into the form (2.8), (2.9), we consider the following
coordinate transformations:
x˜ = Bc0(x− c1) , (2.10a)









where c0, c1 and B are real constants.
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G˜(ξ˜) = B2G(ξ) , (2.11b)
in order to preserve the form of the metric. Substituting either (2.10a) or (2.10b) into (2.11b),
1 + 2mAx− x2 − 2mAx3 = 1
B2
[
















− c20c21 + 2m˜Ac30c31 = 1 (2.13a)
x : 2c20c1 − 6m˜Ac30c21 = 2mA (2.13b)
x2 : c20 − 6m˜Ac30c1 = 1 (2.13c)
x3 : 2m˜Ac30 = 2mA . (2.13d)





Using this relationship, (2.13c) gives
c20 = 1 + 6mAc1 . (2.15)
Substituting (2.14) and (2.15) into (2.13b), we have
c20c1 − 3mAc21 = mA
c1(1 + 6mAc1)− 3mAc21 = mA









1 + 12m2A2 . (2.17)
Since c20 is always positive, we have
c0 = (1 + 12m
2A2)1/4 (2.18)
c1 =
−1 +√1 + 12m2A2
6mA
. (2.19)
Substituting (2.15), (2.18) and (2.19) into (2.13a), we obtain
1
B2
= 1 + c20c
2
1 − 2mAc21








)3/2 − 1 + 36m2A2] . (2.20)
It can be seen from Fig. (2.1) that with the condition 0 < mA < 1/2, the right hand side
of (2.20) is always positive. Thus, (2.18), (2.19) and (2.20) ensure that the parameters c0, c1
and B are all real. With these three constants at hand, one can then obtain the relationships
between the tilded and non-tilded quantities via (2.10a)-(2.10d), (2.11a)-(2.11b) and (2.14).
This justifies the claim that the old and new forms of the uncharged C-metric are related by
a coordinate transformation.
Figure 2.1: Graph of 1/B2 against mA.
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§ 2.3 Coordinate transformation to the Weyl form
In this section, we will look for a generic coordinate transformation relating the static C-metric
type solution (2.8) and the Weyl form:
ds2 = −e2λ dt2 + e2(ν−λ) (dρ2 + dz2)+ e−2λ ρ2 dϕ2 , (2.21)
where the functions λ and ν depend on ρ and z only. This is the most general form of a static
axisymmetric solution. The ranges of the coordinates are
−∞ < t <∞ , 0 ≤ ρ <∞ , −∞ < z <∞ , 0 ≤ ϕ < 2pi ,
where points ϕ = 2pi are identified with corresponding points ϕ = 0 .
We start off from the following generic form of the structure function:




where a1, a2, a3 and a4 are all real constants. Comparing the gtt components in the metrics
(2.8) and (2.21), we obtain
e2λ = − G(y)
A2(x− y)2 . (2.23)




ρ2 = − G(x)G(y)
A4(x− y)4 . (2.24)

















































dx dy . (2.26)
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+ e−2λ ρ2 dϕ2 − e2λ dt2 . (2.27)
























































































































































































































































Evaluating (2.33a) and (2.33b) using (2.22),
∂z
∂x














A2(x− y)3 . (2.34b)






holds, so that z
can be solved analytically. Integrating (2.34a) with respect to x,
z =
2a0 + a1x+ a1y + 2a2xy + 3a3xy
2 − a3y3 + 4a4xy3 − 2a4y4
A2(x− y)2 + g(y) . (2.35)




4a0 + a1(3x+ y) + 2a2(x
2 + xy) + a3(6x

















2a0 + a1(x+ y) + 2a2xy + a3(xy
2 + x2y) + 2a4x
2y2
2A2(x− y)2 . (2.39)
In summary, any static C-metric type solution (2.8), (2.22) can be cast into the Weyl form
(2.21) via the coordinate transformations
ρ =
√−G(x)G(y)
A2(x− y)2 , (2.40a)
z =
2a0 + a1(x+ y) + 2a2xy + a3(xy
2 + x2y) + 2a4x
2y2
2A2(x− y)2 , (2.40b)
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with t and ϕ unchanged. The Weyl metric functions can then be expressed in terms of the
coordinates x and y as follows:
e2λ = − G(y)














§ 2.4 Weyl form
In this section, we will cast the uncharged C-metric (2.8), (2.9) into the Weyl form (2.21)
explicitly by making use of the generic coordinate transformations, (2.40a)-(2.40d). In this
case, the structure function is
G(ξ) = 1 + 2mAξ − ξ2 − 2mAξ3
where we can directly read off the coefficients of the variable ξ, i.e.
a0 = 1 , a1 = 2mA , a2 = −1 , a3 = −2mA , a4 = 0 .
Therefore, (2.40a) and (2.40b) become
ρ =
√
(1− x2)(y2 − 1)(1 + 2mAx)(1 + 2mAy)
A2(x− y)2 , (2.41a)
z =
(1− xy)(1 +mAx+mAy)
A2(x− y)2 . (2.41b)
Furthermore, the Weyl metric functions in terms of x and y, i.e. (2.40c) and (2.40d), are
e2λ =
(y2 − 1)(1 + 2mAy)
A2(x− y)2 , (2.41c)
e2ν =




2mA(1 + xy) + x+ y
] [
1





1−mA(1− xy) +mA(x+ y)
]
(2.41d)
In order to express the Weyl metric functions (2.41c) and (2.41d) in terms of ρ and z, we
need to invert the relations (2.41a) and (2.41b). Following a procedure developed by Bonnor
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[9], we would like to find constants αi and zi, (i = 1, 2, 3) such that
ρ2 + (z − zi)2 =
[




Multiplying (2.42) by A4(x− y)2 and using expressions (2.41a) & (2.41b),























Comparing the coefficients in the previous expression on both sides,
x2 : α22 = A
4z2i , (2.43a)
y2 : α23 = A
4z2i , (2.43b)
x2y2 : α24 = m
2A2 , (2.43c)
x2y : 2α2α4 = 2mA
3zi , (2.43d)
xy2 : 2α3α4 = 2mA
3zi , (2.43e)










xy : 2α1α4 + 2α2α3 = 2A
2
(
m2 + zi − A2z2i
)
, (2.43h)
constant : α21 = 1 +m
2A2 − 2A2zi . (2.43i)
From (2.43i), (2.43a), (2.43b) and (2.43c),
α1 = ±
√
1 +m2A2 − 2A2zi , (2.44a)
α2 = ±A2zi , (2.44b)
α3 = ±A2zi , (2.44c)
α4 = ±mA . (2.44d)




(m+ Azi) (m− Azi) = 0 . (2.45)
It also needs to be checked that (2.44a)-(2.44d) and (2.45) satisfy all (2.43a)-(2.43i). Unlike
the corresponding equation in the usual treatment [9, 34], this equation (2.45) is explicitly
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It can be checked that z1 > z2 ≥ z3 with the condition 0 < mA < 1/2. With these simpler
expressions of the roots, it would, of course, simplify certain analyses of the uncharged C-
metric.
To find x and y explicitly in terms of ρ and z, it is convenient to introduce functions Ri,
i = 1, 2, 3, defined by [9]
Ri ≡
√
ρ2 + (z − zi)2 ≥ 0 . (2.47)
After substituting (2.44a)-(2.44d) into the relation (2.42) and taking square roots, we can
write the function Ri in the form
Ri = i




where i are chosen to be +1 or −1 such that (2.48) is positive definite. Substituting (2.46a)-
(2.46c) into (2.48) and choosing the signs of αi correctly, we have
R1 = 1
2mA+ (x+ y) + 2mAxy
2A2(x− y) , (2.49a)
R2 = 2
(1−mA) +mA (x+ y) +mAxy
A2(x− y) , (2.49b)
R3 = 3
− (1 +mA)−mA (x+ y) +mAxy
A2(x− y) . (2.49c)
(2.49a)-(2.49c) are three dependent equations for x and y as functions of ρ and z. We define
three new variables as:
X = x+ y , Y = x− y , Z = xy . (2.50)
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where
F0 = −423mAR1 + 13(1 + 2mA)R2 − 12(1− 2mA)R3 , (2.52a)




123(1 + 2mA)(1− 2mA) . (2.52c)









Therefore, by substituting (2.53a) and (2.53b) into (2.41c) and (2.41d), we obtain the metric
functions e2λ and e2ν in terms of the Weyl coordinates ρ and z. Since there are eight different
choices for 1, 2 and 3, there are in principle eight different spacetimes contained in the
metric (2.8). We will analyze some of their properties in the next section.
§ 2.5 Preliminary analysis
In this section, we will present a thorough study of the properties of the uncharged C-metric
in the x-y coordinate patch.
§ 2.5.1 Coordinate range
The cubic structure function G(ξ) has three real roots, i.e. ±1 and − 1
2mA
. We restrict our
attention to 0 ≤ mA < 1/2 so that these roots have the following sequence:
ξ1 ≡ − 1
2mA
< ξ2 ≡ −1 < ξ3 ≡ 1 . (2.54)
We will also restrict ourselves to those values of x and y for which G(x) > 0 and G(y) < 0
in order to preserve the signature to be −+++ as well as the coordinate t to be interpreted
as the time-like coordinate. Hence, the valid ranges of x and y are
(−∞,− 1
2mA
]∪ [−1, 1] and[− 1
2mA
,−1] ∪ [1,∞) respectively. This restriction reduces the possible choices for i to four
and there arises four different static regions in the x, y coordinates (see Fig. (2.2)).
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By numerically analyzing the right-hand-side of (2.49a)-(2.49c), we obtain the following
combinations of i for each static region:
A : 1 = +1 , 2 = −1 , 3 = −1 ,
B : 1 = −1 , 2 = +1 , 3 = −1 ,
C : 1 = +1 , 2 = +1 , 3 = +1 ,
D : 1 = −1 , 2 = −1 , 3 = +1 .
Among these four cases, the only physically interesting case [34, 126] is the static region
Figure 2.2: The structure of the uncharged C-metric in the x-y coordinate patch.
labeled by B. Correspondingly, the coordinates x and y take the ranges ξ2 ≤ x ≤ ξ3 and
ξ1 ≤ y ≤ ξ2 respectively. These ranges of x and y simply limit our interest to the region
outside the black hole event horizon since we intend to analyze the solution via the Weyl form.
To study the causal structures of the spacetime, we would need to release these constraints
and introduce another coordinate patch to enlarge the spacetime (see [43, 44, 42]). In what
follows, we will restrict our discussion to this case.
§ 2.5.2 Curvature singularities and asymptotic flatness
The curvature singularities can be revealed via a study of the curvature invariants. We first





















γδ = −144m4A12(x− y)12 .
These curvature invariants diverge when x − y → ±∞. This suggests that the curvature
singularities are at points (0,±∞) and (±∞, 0) in the x-y plane.
Also, for an asymptotically flat solution, we should expect that these curvature invariants
would vanish in the asymptotic region. These curvature invariants suggest that the asymp-
totically flat region can only exist on the line x− y = 0, i.e. x = y = ξ2.
§ 2.5.3 Black hole and acceleration event horizons




The Killing horizons are at the locations where the norm of the timelike Killing vector vanishes.
Therefore, we deduce that the horizons are located at y = ξi where i = 1, 2.
To distinguish between the acceleration and the black hole event horizons, we need to









gxx dx dϕ = −4pi
A2
1
(1 + yi)(1− yi)
where i = 1, 2. A black hole event horizon has a finite area whereas an acceleration horizon
has an infinite area. It can be easily deduced that it has an infinite area when y = ξ2 = −1.
Therefore, the acceleration horizon is located at y = ξ2 = −1. The black hole event horizon







§ 2.5.4 Symmetric axis
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The symmetric axis of the static axisymmetric spacetime is defined as one where the norm
of the Killing vector ∂ϕ vanishes. Therefore, we deduce that the location of the symmetric
axis in the uncharged C-metric is when x = ξi where i = 2, 3, i.e. x = 1 and x = −1. The
line x = ξ3 is the part of the symmetry axis between the black hole event and acceleration
horizons, while x = ξ2 is the part of the symmetry axis joining up the black hole event horizon
with asymptotic infinity.
§ 2.5.5 Conical singularities
We now proceed to analyze the conical singularities in the spacetime of the uncharged C-
metric. The obvious thing to study is whether conical singularities appear on the different
portions of the symmetry axis. It turns out that there are in general conical singularities
along x = ξ2 and ξ3.
Before we proceed, we will briefly review the concept of conical singularities following [55].
If C is the proper length of a circumference around the axis and R is its proper radius, then





= 2pi − δ .
A conical deficit arises if δ 6= 0 and it can be either positive (deficit angle), which corresponds
to a cosmic string, or negative (excess angle), which corresponds to a cosmic strut.
If we take the angle ϕ to have period ∆ϕ, then the deficit angle along x = ξi, i = 2, 3, is




= 2pi − αi∆ϕ , (2.55)
where αi ≡ 12 |G′ (ξi)| . It can be checked that α2 < α3 and are given by
α2 = 1− 2mA , α3 = 1 + 2mA ,
which are considerably simpler than the corresponding expressions in the usual case when
G(ξ) is given by (2.6).
Obviously, the conical deficit angle does not vanish with the same choice of ∆ϕ. If we
choose ∆ϕ = 2pi/α3, we can remove the conical singularity at x = ξ3 but there is a positive
deficit angle along the ξ2 direction. This can be interpreted as a semi-infinite cosmic string
pulling on the black hole. Alternatively, we can choose ∆ϕ = 2pi/α2 to remove the conical
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singularity at x = ξ2 resulting in a negative deficit angle along the ξ3 direction. This can be
interpreted as a strut pushing on the black hole. The strut continues past the acceleration
horizon and joins up with a ‘mirror’ black hole on the other side of it. For a general choice of
∆ϕ, there will be conical singularities on both sides.
§ 2.5.6 Zero-acceleration limit
In this subsection, we will consider the zero-acceleration limit of the uncharged C-metric.
Performing the coordinate transformations
t = Aτ , x = cos θ , y = − 1
Ar
, (2.56)








(2) G(x)→ 1− x2 = sin2 θ











































(7) G(x) dϕ2 → sin2 θ dϕ2













dθ2 + sin2 θ dϕ2
)
,
which describes a single static black hole with a horizon located at r = 2m .
The coordinate transformation (2.56) is the same one as in the usual case and shows that
the parameter A, like A˜, governs the acceleration of the black hole. On the other hand, m,
like m˜, is the ADM mass of the black hole in this limit. It can be deduced from (2.14) that
the parameter m differs from its counterpart m˜ only in the case of non-zero acceleration. In
this sense, the new parameter m has the advantage of not being ‘dressed’ by A and retains
its original interpretation given by the ‘bare’ A = 0 case.
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§ 2.6 Weyl picture
In this section, we will present a thorough study of the C-metric, in particular its rod structure,
in the Weyl coordinate patch.
It follows from (2.41a) that if G(ξ) vanishes, the Weyl coordinate ρ is equal to zero.
Hence, (2.41a) maps the boundaries ξ = ξi, where i = 1, 2, 3, onto the z axis of the Weyl
coordinate. Also, those vertices lying on x− y = 0 are mapped onto z = ±∞ since these are
the asymptotically flat region. Each of the other vertices is mapped onto one of three points
on the z-axis which we label as z1, z2, z3.
We define zij = z (xi, yj) where i, j = 1, 2, 3. These values of z are given by








z3 = z21 = −m
A
. (2.57c)
These roots are same as in (2.46a)-(2.46c). With the restriction 0 ≤ mA < 1/2, it is obvious
that z1 > z2 ≥ z3. Regarding to the vertices lying on x− y = 0, we find that
lim
x→xi
z (x, yi) =∞ , lim
y→yi
z (xi, y) = −∞ , (2.58)
where in each case the limit is taken along the boundary of one of the regions. Therefore, we
conclude that the boundaries of all the regions are mapped onto the whole of the z-axis and
their interiors are mapped onto the whole of the spacetime described by the Weyl metric.
We will now determine the rod structure. To proceed, we need to write down the Weyl
metric functions explicitly in terms of the Weyl coordinates ρ and z. Following Emparan
et. al. [59], we introduce the notations:
ζi = z − zi ,
Ri =
√
ρ2 + ζ2i ,
Yij = ρ
2 +RiRj + ζiζj .
We then can obtain the expressions:
R1 − ζ1 = (y + 1)(y − 1)(1 + 2mAx)
A2(x− y)2 ,
R2 − ζ2 = (x− 1)(y + 1)(1 + 2mAx)
A2(x− y)2 ,
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R3 − ζ3 = (x− 1)(y + 1)(1 + 2mAy)
A2(x− y)2 ,
R1 + ζ1 = −(x+ 1)(x− 1)(1 + 2mAy)
A2(x− y)2 ,
R2 + ζ2 = −(x+ 1)(y − 1)(1 + 2mAy)
A2(x− y)2 ,
R3 + ζ3 = −(x+ 1)(y − 1)(1 + 2mAx)
A2(x− y)2 ,
Y12 =
(x− 1)(y − 1)(2mA− 1)2
2A4(x− y)2 ,
Y13 =
(x− 1)(y − 1)(1 + 2mAx)(1 + 2mAy)
2A4(x− y)2 ,
Y23 =
2(1 + 2mAx)(1 + 2mAy)
A4(x− y)2 .
Using these expressions, the Weyl metric functions (2.41c) and (2.41d) can be written in the
form
e2λ =
(R1 − ζ1) (R3 − ζ3)








(R1 − ζ1) (R3 − ζ3)
R2 − ζ2 . (2.59b)
By writing the Weyl metric functions in this form, it would be easier to obtain the rod
structure of the uncharged C-metric.
We now briefly review some properties regarding on the sources of the Weyl solution. In
the Weyl form of the C-metric, the functions λ(ρ, z) and ν(ρ, z) are to be determined from
Einstein’s vacuum field equations [92]
∇2λ = λρρ + 1
ρ






νz = 2ρλρλz . (2.60c)
It is well known in the Weyl metric formalism that the component gtt refers to the sources of
the matter. λ satisfies (2.60a), which is the Laplace equation in the flat background Euclidean
space of ρ and z. It is natural to interpret λ as the Newtonian gravitational potential.
Recall that the Newtonian potential of a semi-infinite line mass of density σ per unit length
lying on the z-axis between z = zi and ∞ is
ψ = σ log [Ri − (z − zi)]
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and if it extends from zi to −∞
ψ = σ log [Ri + (z − zi)]
where the gravitational constant is taken as unity.
According to the Weyl metric function (2.59a), the matter sources of the uncharged C-
metric are three semi-infinite line masses, each of linear density ±1
2
. These semi-infinite line
masses are: (a) extending from z1 to ∞ with linear density 12 ; (b) extending from z2 to ∞
with linear density −1
2
; and (c) extending from z3 to∞ with linear density 12 . As a net result,
they make up a rod with ends at z2 and z3 and a semi-infinite line mass extending from z1 to
∞, both of linear density 1
2
.
As we have seen previously, the black hole event horizon is located at y = ξ1 and this
corresponds to the region between z2 and z3 on the z-axis. Therefore, the finite line mass
corresponds to the black hole event horizon. Similarly, the semi-infinite line mass corresponds
to the acceleration horizon as it is located at y = ξ2 which maps onto the region between z1









Figure 2.3: The positions of the rods along the z-axis of the uncharged C-metric.
Note that the finite rod representing the black hole event horizon is centered at the origin,
with length 2m/A. Up to a scale factor of 1/A, this is exactly the same as the length of the rod
in the Weyl form of the Schwarzschild solution [92]. This is in contrast to the usual treatment
of the uncharged C-metric in Weyl coordinates where z2 and z3 depend on A in a non-trivial
manner [34], which would result in the finite rod changing length as well as shifting along the
z-axis as A is increased.
We can also obtain the zero-acceleration limiting case directly from the rod structure. In
this limit, the semi-infinite line mass would be pushed to infinity, i.e. it would disappear. It
would hence consist of only one finite line mass extending from −m to m. This is exactly the
rod structure of the Schwarzschild solution in the Weyl picture [92].
Chapter 3
Charged C-Metric
In this chapter, a new form of the charged C-metric is first presented together with the
coordinate transformation relating it to the traditional form. This solution is then cast into
the Weyl form and it is followed by a detailed study of its properties. We next present the
Weyl form of the extremal charged C-metric in detail. Lastly, the new form of the Ernst
solution is presented together with its properties.
§ 3.1 New form
The C-metric together with an electric potential, is an exact solution of the Einstein-Maxwell
equations involving three parameters m, e and A, and a quartic structure function. This
solution is known as the charged C-metric and describes a pair of charged black holes under-
going uniform acceleration apart from each other. It is usually written in the form as in (2.5)
[94, 10, 35] with the structure function
G˜(ξ) = 1− ξ˜2 − 2m˜A˜ξ˜3 − e˜2A˜2ξ4 , (3.1)
where m˜ and e˜ are related to the ADM mass and electric charge of the non-accelerated black
holes, and A˜ is related to the acceleration of the black holes. The electromagnetic vector
potential has only one non-zero component and is given by
A = e˜y˜ dt˜ . (3.2)
Similarly, it is not possible to write down simple expressions for the roots of (3.1). Any
calculation which requires their explicit expressions would naturally be very tedious if not
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impossible to carry out [10, 35].
As in the uncharged case, we would like to write the charged C-metric with a factorizable















G(ξ) = (1− ξ2)(1 + r+Aξ)(1 + r−Aξ) . (3.4)
The gauge field is given by
A = ey dt . (3.5)
Here, we have introduced r± that are related to the new ADM mass and charge parameters
m and e by
r± ≡ m±
√
m2 − e2 . (3.6)
Moreover, we assume that
0 ≤ r−A ≤ r+A < 1 , (3.7)
so that G(ξ) has four distinct real roots except in the uncharged case and the extremal case,
i.e. e = m, where it has three distinct roots. Notice that the parameters r± correspond to the
locations of the horizons of the Reissner-Nordstro¨m black hole.
To turn the charged C-metric (2.5), (3.1) into the form (3.3), (3.4), we apply the coordinate
transformations (2.10a)-(2.10d) and the scale transformations (2.11a)-(2.11b). Substituting






− c20c21 + 2m˜A˜Bc30c31 − 4e˜2A˜2B2c40c41 +
(

















− c20c21 + 2m˜Ac30c31 − e˜2A2c40c41 = 1 (3.8a)
x : 2c20c1 − 6m˜Ac30c21 + 4e˜2A2c40c31 = 2mA (3.8b)
x2 : c20 − 6m˜Ac30c1 + 6e˜2A2c40c21 = 1− e2A2 (3.8c)
x3 : 2m˜Ac30 − 4e˜2A2c40c1 = 2mA (3.8d)
x4 : e˜2A2c40 = e
2A2 . (3.8e)
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Substituting (3.9a) and (3.9b) into (3.8c), we have
c20 = 1− e2A2 + 6mAc1 + 6e2A2c21 . (3.9c)
With (3.9a), (3.9b) and (3.9c), (3.8a) and (3.8b) become
1
B2
= 1 + (1− e2A2) c21 + 4mAc31 + 3e2A2c41 , (3.9d)
4e2A2c31 + 6mAc
2
1 + 2(1− e2A2) c1 − 2mA = 0 . (3.9e)
Observe that (3.9e) is a cubic equation in c1 with a non-positive discriminant, so it has
three real roots. Furthermore, the product of these three roots equals to m/(2e2A) > 0, which
implies at least one of them is positive. Choosing a positive solution for c1, one can in principle
deduce the other two constants using (3.9c) and (3.9d). It can be seen, using the positivity of
c1 and the condition (3.7), that the right hand sides of these two equations are positive, thus
ensuring that c0 and B are real. With these three constants, one can turn the charged C-
metric (2.5), (3.1) to the new form (3.3), (3.4). Note also that these transformations correctly
turn the electromagnetic potential (3.2) into the one in (3.5), up to an irrelevant additive
constant.
§ 3.2 Weyl form
In this section, we will cast the charged C-metric (3.3), (3.4) into the Weyl form. We will
again make use of the generic coordinate transformations (2.40a)-(2.40d) to bring it to the
Weyl form.
In this case, we have a0 = 1, a1 = (r+ + r−)A, a2 = r+r−A2 − 1, a3 = −(r+ + r−)A and
a4 = −r+r−A2. Therefore, the coordinate transformations (2.40a) and (2.40b) become
ρ =
√
(1− x2)(y2 − 1)(1 + r+Ax)(1 + r−Ax)(1 + r+Ay)(1 + r−Ay)
A2(x− y)2 , (3.10a)
z =
(1− xy) [1 +mA(x+ y) + e2A2xy]
A2(x− y)2 . (3.10b)
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The Weyl metric functions in terms of x and y are
e2λ =
(y2 − 1)(1 + r+Ay)(1 + r−Ay)
A2(x− y)2 , (3.11a)
e2ν =
















1−√m2 − e2A(1− xy) +mA(x+ y) + e2A2xy
]
(3.11b)
As in the treatment of the uncharged case, we would like to find constants αi and zi (i = 1, 2, 3)
such that
ρ2 + (z − zi)2 =
[




Multiplying this equation by A4(x− y)2 and using expressions (3.10a), (3.10b), we may com-
pare the coefficients on both sides to obtain
α21 = (m
2 − e2)A2 + 1− 2A2zi , (3.13a)
α22 = (e








(2A2zi − 1 + e2A2)(A2z2i −m2 + e2) = 0 . (3.13d)















It can be checked that z1 > z2 ≥ z3 .
Next, in order to find x and y explicitly in terms of ρ and z, we introduce functions Ri
defined by (2.47). After substituting (3.13a)-(3.13c), (3.14a)-(3.14c) into (3.12) and taking
square roots, we have
R1 = 1
2mA+ (1 + e2A2)(x+ y) + 2mAxy
2A2(x− y) , (3.15a)
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R2 = 2
1−√m2 − e2A+mA(x+ y) + (√m2 − e2 + e2A)Axy
A2(x− y) , (3.15b)
R3 = 3
−(1 +√m2 − e2A)−mA(x+ y) + (√m2 − e2 − e2A)Axy
A2(x− y) . (3.15c)






















m2 − e2 − A(2m2 − e2 − e4A2)
]
R3 , (3.16a)
F1 = 423(1 + e
2A2)
√



















m2 − e2(1− 2mA+ e2A2)(1 + 2mA+ e2A2) . (3.16c)
This would allow us to cast the Weyl metric functions (3.11a) and (3.11b) in terms of the
Weyl coordinates ρ and z. At this stage, we make a consistency check on the expressions
obtained here. In the limit of e→ 0, we should expect that the expressions will reduce to the
uncharged C-metric. Indeed, when the parameter e is set to zero, (3.15a)-(3.15c) reduce to the
uncharged case (2.49a)-(2.49c). Also, the expressions (3.16a)-(3.16c) reduce to (2.52a)-(2.52c)
with an overall factor m .
Again, there have altogether eight different combinations for the choice i, each of them
corresponds to different spacetime [35]. We will analyze some of their properties in the next
section.
§ 3.3 Properties
In this section, the properties of the charged C-metric will be discussed in detail. The quartic
structure function (3.4) has four real roots. We denote the roots by
ξ1 ≡ − 1
r−A
, ξ2 ≡ − 1
r+A
, ξ3 ≡ −1 , ξ4 ≡ 1 , (3.17)
§ 3.3. Properties 35
which obeys ξ1 ≤ ξ2 < ξ3 < ξ4. In order to have the correct spacetime signature − + ++
and the coordinate t to be interpreted as time-like coordinate, the valid ranges of x and y
are [ξ1, ξ2] ∪ [ξ3, ξ4] and (−∞, ξ1] ∪ [ξ2, ξ3] ∪ [ξ4,∞) respectively. This restriction reduces the
possible choices for i to six and there arises six different static regions in the x, y coordinates
(see Fig. (3.1)).
Figure 3.1: The structure of the charged C-metric in the x-y coordinate patch.
Among these cases, the only physically interesting case [94, 35] is the static region labeled
by B and the appropriate combination for the choice i is
1 = −1 , 2 = 1 , 3 = −1 .
The coordinates x and y then take the ranges ξ3 ≤ x ≤ ξ4 and ξ2 ≤ y ≤ ξ3 respectively.
These ranges of x and y simply limit our interest to the region outside the black hole event
horizon since we intend to analyze the solution via the Weyl form. These constraints would
be released and another coordinate patch will be introduced to enlarge the spacetime if we
want to study the causal structure of the spacetime (see [43, 44, 42]). In what follows, we will
restrict our discussion to this case without further notification.
It follows from (3.10a) that on either boundary x = ξi or y = ξi, the Weyl coordinate ρ is
equal to zero. Hence, these boundaries are mapped by the coordinate transformation (3.10a)
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and (3.10b) onto the z axis of the Weyl coordinate. Also, from (3.10b), we see that those
vertices lying on x − y = 0 are mapped onto z = ±∞ and these are the asymptotically flat
regions. Each of the other vertices is mapped onto one of three points on the z-axis which we
label as z1, z2, z3.
We define zij = z (xi, yj) where i, j = 1, 2, 3, 4. These values of z are given by














These roots are same as in (3.14a)-(3.14c) which obey z1 > z2 ≥ z3. Regarding the vertices
lying on x− y = 0, we find that
lim
x→xi
z (x, yi) =∞ , lim
y→yi
z (xi, y) = −∞ , (3.19)
where in each case the limit is taken along the boundary of one of the regions. Therefore, we
conclude that the boundaries of all the regions are mapped onto the whole of the z-axis and
their interiors are mapped onto the whole of the spacetime described by the Weyl metric.
The black hole event horizon is located at y = ξ2 and this corresponds to the region
between z2 and z3 on the z-axis. The acceleration horizon is located at y = ξ3 which maps
onto the region between z1 to ∞ on the z-axis. The line x = ξ4 is the part of the symmetry
axis between the black hole event and acceleration horizons, while x = ξ3 is the part of
the symmetry axis joining up the black hole event horizon with asymptotic infinity. The











Figure 3.2: The positions of the rods along the z-axis of the charged C-metric.
The finite rod representing the black hole event horizon is centered at the origin, with
length 2
√
m2 − e2/A. Up to a scale factor of 1/A, this is exactly the same as the length of
the rod in the Weyl form of the Reissner-Nordstro¨m solution [61]. This is in contrast to the
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usual treatment of the charged C-metric in Weyl coordinates where z2 and z3 depend on A
in a non-trivial manner [35], which would result in the finite rod changing length as well as
shifting along the z-axis as A is increased.
As in the uncharged case, there are in general conical singularities along x = ξ3 and x = ξ4.
If we take the angle ϕ to have period ∆ϕ, then the deficit angle along x = ξi, i = 3, 4, is




= 2pi − αi∆ϕ , (3.20)
where αi ≡ 12 |G′ (ξi)| . It can be checked that α3 < α4 and are given by
α3 = 1− 2mA+ e2A2 , α4 = 1 + 2mA+ e2A2 ,
which are considerably simpler than the corresponding expressions in the usual case when
G(ξ) is given by (3.1).
Both conical singularities cannot be made to vanish at the same time. If we choose
∆ϕ = 2pi/α4, we can remove the conical singularity at x = ξ4 but there is a positive deficit
angle along the ξ3 direction. This can be interpreted as a semi-infinite cosmic string pulling
on the black hole. Alternatively, we can choose ∆ϕ = 2pi/α3 to remove the conical singularity
at x = ξ3 resulting in a negative deficit angle along the ξ4 direction. This can be interpreted
as a strut pushing on the black hole. The strut continues past the acceleration horizon and
joins up with a ‘mirror’ black hole on the other side of it. For a general choice of ∆ϕ, there
will be conical singularities on both sides.
It is clear that when the parameter e is set to zero, the metric (3.3), (3.4) reduces to the
uncharged C-metric solution (2.8), (2.7). We also expect that in the limit of A → 0, we will
obtain the Reissner-Nordstro¨m solution as a special case. Indeed, if we perform the coordinate



















dθ2 + sin2 θ dϕ2
)
,
which describes a single static charged black hole with horizons located at r = r±. This shows
that the parameter A governs the acceleration of the black hole. On the other hand, m and e
are respectively the ADM mass and electric charge of the non-accelerated black hole. It is only
in the case of non-zero acceleration that m and e differ from their usual counterparts m˜ and
e˜, in a way that can be deduced from (3.9a) and (3.9b). In this sense, the new parameters m
and e have the advantage of not being ‘dressed’ by A, and retain their original interpretations
given by the ‘bare’ A = 0 case.
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§ 3.4 Extremal charged C-metric
Although the expressions for F0, F1 and F2, i.e. (3.16a)-(3.16c), are much more manageable
than the usual ones [126], they can still give rather complicated expressions for the metric
functions. For simplicity, let us now specialize to the case of an extremally charged accelerating
black hole, i.e. |e| = m.




, z2 = z3 = 0 .
The expressions (3.15a)-(3.15c) can be simplified and become
R1 = −2mA+ (1 +m
2A2)(x+ y) + 2mAxy
2A2(x− y) , (3.21a)
R2 = R3 =
1 +mA(x+ y) +m2A2xy
A2(x− y) . (3.21b)
Solving for x and y, we have
x = − mAR2 +R1 − z1
R2 +mA(R1 − z1) , (3.22a)
y = − mAR2 +R1 + z1
R2 +mA(R1 + z1)
. (3.22b)
Finally, substituting (3.22a) and (3.22b) into the Weyl metric functions (3.11a) and (3.11b),
e2λ = [R1 − (z − z1)]
[
R2 +mA(R1 − z1)




[R1 − (z − z1)] [R2 +mA(R1 − z1)]4
32(A2z1R2)4R1
. (3.23b)
The electromagnetic potential A = my dt can also be readily read off using (3.22b). To our
knowledge, this is the first time that the charged C-metric (extremal or otherwise) has been
cast in the Weyl form explicitly.
§ 3.5 Ernst solution
In 1975, Ernst [65] showed that the conical singularities associated with the charged C-metric
can be removed by including a magnetic field of a proper strength running along the symmetry
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axis. The magnetic field provides the force necessary to accelerate the black holes. This
solution is known as Ernst metric and describes the uniformly accelerated motion of a pair of
oppositely charged black holes in a background electric or magnetic field.
The magnetic field can be added to the charged C-metric via an Ehlers-Harrison type
transformation [85]. Essentially, this transformation takes a static, axisymmetric solution of
the Einstein-Maxwell equations as seed to generate another static, axisymmetric solution of
the same set of field equations.
In short, if (gµν ,Aµ) is a static, axisymmetric solution of the Einstein-Maxwell field equa-




























and the parameter B is the strength of the background magnetic field in the new solution.
Applying this transformation on flat spacetime, one will produce Melvin’s magnetic universe
[113], which is the closest one can get to a constant magnetic field in general relativity. One
can refer to [64, 66] for more examples. Note that by further dualizing the electromagnetic






we can obtain an electrically charged solution, where the parameter B now determines the
strength of the background electric field.
To apply the Ehlers-Harrison type transformation (3.24) on our new form of the charged
C-metric (3.3), (3.4), we need to first dualize the electromagnetic field tensor via (3.26). It
can be checked that after dualizing the electromagnetic potential becomes
A = gx dϕ . (3.27)
Now, the metric (3.3), (3.4) with (3.27) describes a pair of magnetically charged black holes
undergoing uniform acceleration apart from each other. Note that we have changed the
parameter e to g in (3.27) denoting that it is a magnetically charged solution.
Having applied the Ehlers-Harrison type transformation (3.24), the Ernst solution is given


















with the gauge field



















4A2(x− y)2 G(x) . (3.30)




m2 − g2 . (3.31)














In order to provide the physical interpretation of the Ernst solution (3.28), (3.29), we first
consider its various limits. If we set the black hole parameters m and g (or equivalently r−



















Λ = 1 +
B2
4A2(x− y)2 (1− x
2) . (3.35)




A(x− y) , η =
√
y2 − 1
A(x− y) . (3.36)
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Since










we can rewrite (3.33) as
ds2 = Λ2
(−η2 dt2 + dρ2 + dη2)+ ρ2
Λ2
dϕ2 . (3.38)
By making a further coordinate transformation
T = η sinh t , X = η cosh t , (3.39)
we get
ds2 = Λ2








This is the metric of the Melvin magnetic universe [113]. The magnetic field is directed along
the z-axis and its field strength
√
FµνF µν/2 = B/Λ
2 has a maximum B on the axis ρ = 0
and decreases to zero at infinity.














with G(ξ) given by (3.4) which is the charged C-metric we have discussed previously. Com-
bining the information from these various limiting cases, we can conclude that the Ernst
solution (3.28), (3.29) describes the combined gravitational and electromagnetic field of a pair
of uniformly accelerating charged black holes.
The properties of the Ernst metric (3.28-c) can be analyzed in parallel as in the charged
C-metric. We restrict ξ3 ≤ x ≤ ξ4 in order for the metric to have Lorentzian signature. The
range of y is ξ2 ≤ y ≤ ξ3. The surface y = ξ1 is the inner (Cauchy) horizon of the black hole;
y = ξ2 is the black hole event horizon and y = ξ3 is the acceleration horizon. For ξ1 < ξ2, the
black holes are non-extremal and for ξ1 = ξ2, they are extremal.
The line x = ξ4 is the part of the symmetry axis between the black hole event and
acceleration horizons, while x = ξ3 is the part of the symmetry axis joining up the black
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hole event horizon with asymptotic infinity. There are, in general, conical singularities along
x = ξ3 and x = ξ4. If we take the angle ϕ to have period ∆ϕ, then the deficit angle along
x = ξi, i = 3, 4, is










If we choose ∆ϕ = 2pi/α4, we can remove the conical singularity at x = ξ4 but there
is a positive deficit angle along the ξ3 direction. This can be interpreted as a semi-infinite
cosmic string pulling on the black hole. Alternatively, we can choose ∆ϕ = 2pi/α3 to remove
the conical singularity at x = ξ3 resulting in a negative deficit angle along the ξ4 direction.
This can be interpreted as a strut pushing on the black hole. The strut continues past the
acceleration horizon and joins up with a ‘mirror’ black hole on the other side of it. For a
general choice of ∆ϕ, there will be conical singularities on both sides.
Now, the Ernst solution (3.28), (3.29) has an extra parameter B as compared with charged
C-metric. It is then possible to tune this parameter so that both conical singularities can be
made to vanish at the same time. The condition for the absence of the conical singularities















If the acceleration A is small and expanding (3.44) in terms of r±A, we have
(1− 2mA)(1 + 2Bg) + · · · = (1 + 2mA)(1− 2Bg) + · · ·
⇒ gB = mA+ · · · .
This relation has the obvious interpretation that the conical singularities are absent if the
acceleration of the black holes is provided entirely by the background magnetic field.
Chapter 4
Rotating C-Metric
In this chapter, we will present a new form of the rotating C-metric. We will begin with
a summary of the solution found by Pleban´ski and Demian´ski [121] in 1976. This solution
is a generalization of the C-metric with rotation, cosmological constant, “NUT” parameter,
electric and magnetic charges. It is followed by a review of the reparameterization of the old
form of the rotating C-metric from the Pleban´ski-Demian´ski solution [129]. After that, we
will write down the new form of the rotating C-metric and cast it into the Weyl-Papapetrou
form. The physical properties of the new form of the rotating C-metric will be discussed in
detail and compared it to the usual form.
§ 4.1 Pleban´ski-Demian´ski solution
In 1976, a very general class of dyonic solutions to Einstein-Maxwell theory (including a
cosmological constant) was found by Pleban´ski and Demian´ski [121]. In the coordinates



















dτ − p2 dσ)2] , (4.1)
where
P = (−Λ/6 + γ) + 2np− p2 + 2mp3 + (−Λ/6− e2 − g2 − γ) p4 , (4.2)
Q = (−Λ/6− γ) + 2nq + q2 + 2mq3 + (−Λ/6 + e2 + g2 + γ) q4 . (4.3)
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This solution consists of seven arbitrary parameters γ, , m, n, e, g and Λ. The first two
parameters are non-trivially related to the acceleration and angular momentum of the solution
while the next four parameters are respectively related to its mass, ‘NUT’ parameter, electric
and magnetic charge. The last parameter is the cosmological constant. These identifications
were made by considering how some known solutions, such as the Kerr-Newman-NUT solution
and the C-metric, can be recovered as special cases of this solution after different transforma-
tions [121] (see also [138]). In this sense, this solution must therefore include a solution which
represents an accelerating and rotating black hole.
§ 4.2 Old form






















G(ξ) = 1− ξ2 − 2mAξ3 − a2A2ξ4 . (4.5)
Here, m, a and A are related respectively to the mass, angular momentum and acceleration of
the solution. For a = 0, the metric (4.4), (4.5) reduces to the uncharged C-metric (2.5),(2.6).
This solution is a generalization of the C-metric with rotation and it has been known as the
“spinning C-metric”. Aspects of this solution have previously been studied in [67, 68, 69, 99,
6, 4, 5, 129].
As mentioned, the metric (4.1) includes an accelerating and rotating black hole. To obtain




aAx , q = −
√









and rescale the parameters
γ → A2γ , → A
a








n , e→ A
a
e , g → A
a
g . (4.7)
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Then, the solution (4.1) reduces to (4.4) with the structure function
G(ξ) = γ + 2nAξ − ξ2 − 2mAξ3 − γa2A2ξ4 . (4.8)
By calculating the curvature invariants of this spacetime [100], we see that γ and  do
not appear in them and are therefore kinematical parameters [121]. On the other hand, these
curvature invariants depend on the so-called dynamical parameters m, n, e, g, a and A,
with the latter two parameters determining the angular momentum and acceleration of the
solution, respectively. If we choose γ =  = 1 and set the ‘NUT’ parameter n, electric charge
e, magnetic charge g to zero, we recover the traditional form of the rotating C-metric (4.4),
(4.5).
§ 4.3 New form
As in the non-rotating case, we would also like to write the rotating C-metric with a factor-






















G(ξ) = (1− ξ2)(1 + r+Aξ)(1 + r−Aξ) . (4.10)
Here, we have introduced r± that are related to the new ADM mass and angular momentum
parameters m and a by
r± = m±
√
m2 − a2 . (4.11)
Moreover, we also assume that
0 ≤ r−A ≤ r+A ≤ 1 , (4.12)
as in the case of the charged C-metric so that G(ξ) has four distinct real roots except in the
static case, a = 0, and the extremal case, m = a, where it has only three distinct roots. (4.9),
(4.10) clearly reduce to the factorized form of the C-metric (2.8), (2.7) when the rotation
parameter a is set to zero.
The new form of the rotating C-metric (4.9), (4.10) can be recovered from (4.4), (4.8) with
an appropriate choice of the parameters. Since γ and  are kinematical parameters, we are
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actually free to choose their values without affecting the physics of the solution. We shall
adopt the choice γ = 1 and  = 1− a2A2 so that the structure function (4.8) becomes
G(ξ) = 1 + 2nAξ − (1− a2A2)ξ2 − 2mAξ3 − a2A2ξ4 . (4.13)
If we further set the value of the ‘NUT’ parameter to be n = m, we have
G(ξ) = 1 + 2mAξ − (1− a2A2)ξ2 − 2mAξ3 − a2A2ξ4 . (4.14)
Now, because the traditional and new forms of the rotating C-metric differ in the choice of
the dynamical parameter n, they are physically distinct spacetimes and so cannot be related
by a change of coordinates. This is in contrast to the non-rotating case when a = 0. In
this limit, n becomes a kinematical parameter, and its choice no longer affects the physics of
the spacetime. As described in Chapter 2 and 3, it is indeed possible to find a coordinate
transformation relating the traditional and new forms of the non-rotating (charged) C-metric.
We will uncover the physical meaning of the parameter n later. However, it is important to
emphasize at this stage, that n does not have an interpretation in terms of a NUT parameter.
Recall that this identification was made in [121, 138] on the basis of how certain solutions with
NUT parameter can be obtained as limiting cases of (4.1), (4.2), (4.3). It turns out that n
has a rather different physical interpretation in the general solution, before any limit is taken.
§ 4.4 Weyl-Papapetrou form
In this section, we will cast the rotating C-metric (4.9), (4.14) into the Weyl-Papapetrou form:
ds2 = −e2U (dt+ ω dϕ)2 + e2(ν−U) (dρ2 + dz2)+ e−2Uρ2 dϕ2 , (4.15)
where the functions U , ν and ω depend on ρ and z only. The ranges of the coordinates are
−∞ < t <∞ , 0 ≤ ρ <∞ , −∞ < z <∞ , 0 ≤ ϕ < 2pi ,
where points ϕ = 2pi are identified with corresponding points ϕ = 0 .
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From the metric (4.9), it follows that
gtt =
a2A2y4G(x) +G(y)
A2(x− y)2(1 + a2A2x2y2) ,
gϕϕ =
G(x) + a2A2x4G(y)
A2(x− y)2(1 + a2A2x2y2) ,
gtϕ =
a [y2G(x)− x2G(y)]
A(x− y)2(1 + a2A2x2y2) ,
and the invariant relation of the cylindrical-type radial coordinate can be obtained as [92]
ρ2 = g2tϕ − gttgϕϕ = −
G(x)G(y)
A4(x− y)4 . (4.16)





In order to be easily generalizable to the charged case, we suppose that the structure
function has the generic quartic form:




















Calculating the expression of dρ2 + dz2 and substituting it into the metric (4.15), then com-











= − 1 + a
2A2x2y2
A2G(y)(x− y)2
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We can solve analytically for z from (4.23a) and (4.23b),
z =
2a0 + a1(x+ y) + 2a2xy + a3(xy
2 + x2y) + 2a4x
2y2
2A2(x− y)2 . (4.24)
In conclusion, the rotating C-metric type solutions may be reduced to the Weyl-Papapetrou
form via the coordinate transformations
ρ =
√−G(x)G(y)
A2(x− y)2 , (4.25a)
z =
2a0 + a1(x+ y) + 2a2xy + a3(xy
2 + x2y) + 2a4x
2y2
2A2(x− y)2 , (4.25b)
with t and ϕ unchanged. G(ξ) is the structure function defined in (4.18) and a0, a1, a2, a3
& a4 are the real coefficients of the variable. The Weyl-Papapetrou metric functions can be
expressed in terms of the coordinates x and y as follows:
e2U = −gtt , e2ν = −gρρ gtt , ω = gtϕ
gtt
. (4.26)
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In this case, we have a0 = 1, a1 = (r+ + r−)A, a2 = r+r−A2 − 1, a3 = −(r+ + r−)A and
a4 = −r+r−A2. Therefore, the coordinate transformations (4.25a) and (4.25b) become
ρ =
√
(1− x2)(y2 − 1)(1 + r+Ax)(1 + r−Ax)(1 + r+Ay)(1 + r−Ay)
A2(x− y)2 , (4.27a)
z =
(1− xy) [1 +mA(x+ y) + a2A2xy]
A2(x− y)2 . (4.27b)
Notice that these results have the same mathematical structure as in the case of the static
counterpart, i.e. (3.10a) and (3.10b) in the charged C-metric. The only difference is the
change from the electric charge parameter, e, in the case of the charged C-metric to the
angular momentum parameter, a, in the rotating C-metric. Therefore, we should expect that
most of the results in the rotating C-metric would follow from the charged C-metric by simply
changing the parameter e to a.
Indeed, the constants αi and zi (i = 1, 2, 3) such that
ρ2 + (z − zi)2 =
[




are found to be
α21 = (m
2 − a2)A2 + 1− 2A2zi , (4.29a)
α22 = (a








(2A2zi − 1 + a2A2)(A2z2i −m2 + a2) = 0 . (4.29d)















It can be checked that z1 > z2 ≥ z3 .
Next, in order to find x and y explicitly in terms of ρ and z, we introduce functions Ri
defined by (2.47). After substituting (4.29a)-(4.29c), (4.30a)-(4.30c) into (4.28) and taking
§ 4.5. Physical properties 50
square roots, we have
R1 = 1
2mA+ (1 + a2A2)(x+ y) + 2mAxy
2A2(x− y) , (4.31a)
R2 = 2
1−√m2 − a2A+mA(x+ y) + (√m2 − a2 + a2A)Axy
A2(x− y) , (4.31b)
R3 = 3
−(1 +√m2 − a2A)−mA(x+ y) + (√m2 − a2 − a2A)Axy
A2(x− y) . (4.31c)























m2 − a2 − A(2m2 − a2 − a4A2)
]
R3 , (4.33a)
F1 = 423(1 + a
2A2)
√



















m2 − a2(1− 2mA+ a2A2)(1 + 2mA+ a2A2) . (4.33c)
Substituting (4.32) into (4.9), (4.14), we would obtain the rotating C-metric in the Weyl-
Papapetrou coordinates. As expected, these expressions are very complicated and it is not
easy to obtain a simpler form as in the case of the charged C-metric.
There are altogether eight different combinations for the choice of i, each of them corre-
sponding to different spacetimes. We shall see later that only four of them have the signature
+2 which we are using in our work.
§ 4.5 Physical properties
In this section, the properties of the rotating C-metric will be discussed in detail.
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§ 4.5.1 Coordinate range
The quartic structure function, G(ξ), (4.14) has four real roots. We denote these roots by
ξ1 ≡ − 1
r−A
, ξ2 ≡ − 1
r+A
, ξ3 ≡ −1 , ξ4 ≡ 1 . (4.34)
It can easily be checked that ξ1 ≤ ξ2 ≤ ξ3 < ξ4 upon the condition (4.12).
To determine the signature of the metric (4.9), we have to diagonalize the metric tensor
and sum up the signs of the diagonal elements. In this case, we only need to consider the
subspace spanned by t and ϕ, i.e. gAB with A,B = t, ϕ. Denoting the eigenvalues of gAB by
λ1, λ2, and we obtain
λ1λ2 = det(gAB) =
G(x)G(y)
A4(x− y)4 .
According to the invariant relation of cylindrical-type coordinate (4.16), we can deduce that
λ1λ2 < 0 and it follows that G(x)G(y) < 0. We can also find that the metric (4.9) has the
signature −2 if G(x) < 0, whereas G(x) > 0 implies signature +2.
Figure 4.1: The structure of the rotating C-metric in the x-y coordinate patch.
Since we are using the signature +2, we will restrict ourselves to those values of x and y
such that G(x) > 0 and G(y) < 0. Therefore, the valid ranges of x and y are [ξ1, ξ2] ∪ [ξ3, ξ4]
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and (−∞, ξ1] ∪ [ξ2, ξ3] ∪ [ξ4,∞) respectively. This restriction reduces the possible choices
for i to four and there arises four different stationary regions in the x, y coordinates (see
Fig. (4.1)). By numerically analyzing the right-hand-side of (4.31a)-(4.31c), we obtain the
following combinations of i for each stationary region:
A : 1 = +1 , 2 = −1 , 3 = −1 ,
B : 1 = −1 , 2 = +1 , 3 = −1 ,
C ∪ C ′ : 1 = +1 , 2 = +1 , 3 = +1 ,
D ∪D′ : 1 = −1 , 2 = −1 , 3 = +1 .
Among these four cases, the only physically interesting case is the stationary region labeled
by B [6, 129]. Correspondingly, the coordinates x and y take the ranges ξ3 ≤ x ≤ ξ4 and
ξ2 ≤ y ≤ ξ3 respectively. In what follows, we will restrict our discussion to this case.
§ 4.5.2 Curvature singularities and asymptotic flatness
It is useful to calculate several of the simplest invariants of the Riemann tensor:
I1 = R
αβγδRαβγδ
= 48m2A6(x− y)6 [aA(1 + aA)(a2A2x2y2 − 3)xy − (1− aA)(1 + 3a2A2x2y2)][








= 96m3A9(x− y)9 (a4A4x3y3 − 3a2A2x2y2 − 3a2A2xy + 1)[
a6A6(a2A2 − 3)x6y6 − 25a6A6x5y5 + 3a4A4(9− 11a2A2)x4y4 + 80a4A4x3y3
− 3a2A2(11− 9a2A2)x2y2 − 24a2A2xy + 1− 3a2A2]
(a4A4x3y3 − 3a2A2x2y2 − 3a2A2xy + 1)
/














= 96m2A7a(x− y)6 (a4A4x3y3 − 3a2A2x2y2 − 3a2A2xy + 1)(
a2A2x3y3 + 3a2A2x2y2 − 3xy − 1)/(1 + a2A2x2y2)6 . (4.35d)
These curvature invariants suggest that the asymptotically flat regions can only exist on
the line given by x − y = 0, i.e. x = y = ξ3. These curvature invariants diverge when
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(x − y)/(1 + a2A2x2y2) → ±∞. This suggests that the curvature singularities are at the
points (0,±∞) and (±∞, 0) in the x-y plane if a 6= 0. Otherwise, the singularities are
located at the lines (x,±∞) and (±∞, y) as in the static counterpart, i.e. uncharged/charged
C-metric.
The curvature invariant (4.35d) also indicates that the parameter a is proportional to the
angular momentum of the source [31]. Therefore, the singularities of the rotating C-metric
are spinning.
§ 4.5.3 Black hole and acceleration event horizons
The Killing horizons are located at the roots y = ξi of G(y). The timelike Killing vector field
which is normal to the horizon is the linear combination χ = ∂t − ΩH∂ϕ where the “angular








and Ω = gtt/gtϕ. The norm of this Killing vector
χµχµ =
G(y)(1 + a2A2x2y2)
A2(x− y)2(1 + a2A2y2)2 (4.37)
vanishes at y = ξi.
To distinguish between the acceleration and the black hole event horizons, we need to













where i = 2, 3. A black hole event horizon has a finite area whereas an acceleration horizon
has an infinite area. It can be easily checked that the area of the horizon at y = ξ3 is infinite



















m2 − a2) , (4.39)
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which is far simpler than the corresponding expression in the usual case when G(ξ) is given
by (4.5). Up to a scale factor 1/A, this is exactly the same as “angular velocity” for the outer
horizon in the Kerr solution.
§ 4.5.4 Symmetric axis
Next, we consider the Killing vector η = ∂ϕ and the norm of this Killing vector is given by
ηµηµ =
G(x)(1 + a2A2y2)2 + a2A2G(y)(1− x2)
A2(x− y)2(1 + a2A2x2y2) . (4.40)
The norm obviously vanishes when x = ξ3, ξ4. The symmetric axis is defined as one where
the norm of the Killing vector ∂ϕ vanishes. Therefore, we conclude that the symmetric axis
is located at both x = ξ3 and x = ξ4.
§ 4.5.5 Conical singularities
There are, in general, conical singularities along the symmetric axis x = ξ3 and x = ξ4. If we
take the angle ϕ to have period ∆ϕ, then the deficit angle along x = ξi, i = 3, 4, is




= 2pi − αi∆ϕ ,
where αi ≡ 12 |G′ (ξi)| . It can be checked that α3 < α4 and are given by
α3 = 1− 2mA+ a2A2 , α4 = 1 + 2mA+ a2A2 ,
which are considerably simpler than the corresponding expressions in the usual case when
G(ξ) is given by (4.5). However, the physics of these conical singularities remains unchanged.
As in the case of the static counterpart, both conical singularities cannot be made to vanish
at the same time. If we choose ∆ϕ = 2pi/α4, we can remove the conical singularity at x = ξ4
but there is a positive deficit angle along the ξ3 direction. This can be interpreted as a semi-
infinite cosmic string pulling on the black hole. Alternatively, we can choose ∆ϕ = 2pi/α3
to remove the conical singularity at x = ξ3 resulting in a negative deficit angle along the ξ4
direction. This can be interpreted as a strut pushing on the black hole. The strut continues
past the acceleration horizon, and joins up with a ‘mirror’ black hole on the other side of it.
For a general choice of ∆ϕ, there will always be conical singularities on both sides.
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§ 4.5.6 Torsion singularities
The crucial difference with the non-rotating case lies in the fact that these conical singularities
will in general have torsion singularities associated with them. These arise when the conical
singularities possess a non-zero angular velocity, signified by a non-vanishing ω ≡ gtϕ/gtt
along the symmetry axis [99, 11]. This condition is sometimes called the axis condition in the
literature. The presence of torsion singularities implies an unbalanced torque acting on the
black holes [11, 12] to maintain its angular momentum.
If ω is non-zero along the symmetry axis, then ϕ will become a timelike coordinate suf-
ficiently close to the axis. Since ϕ is periodically identified, this will lead to the presence of
closed-timelike curves (CTCs) [13]. The only situation in which these CTCs can be eliminated
is when ω takes the same constant value along the entire symmetry axis. In this case, the
appearance of the CTCs is simply due to a bad choice of the coordinates. It is now possible
to perform a global transformation t→ t−ω|ρ=0 ϕ [99] to give a new spacetime free of torsion
singularities and its associated CTCs explicitly.
Let us first calculate ω along the symmetry axis in the traditional form of the rotating C-
metric (4.4), (4.5). It can be shown that the values of ω along the two parts of the symmetry
axis x = ξ3 and x = ξ4 are generally given by
ωi = −aAξ2i . (4.41)
This is true for whichever form (4.5), (4.13) or (4.14), of the structure function we use, provided
we denote ξ3 and ξ4 to be its two largest roots. In the case of (4.5), we have |ξ3| 6= |ξ4| and so
the torsion singularities along both parts of the axis cannot be eliminated at the same time.
We could choose to eliminate the torsion singularity along x = ξ4 using the transformation
t→ t−ω4ϕ. This would give a semi-infinite rotating cosmic string along x = ξ3. Alternatively,
we could eliminate the torsion singularity along x = ξ3 using the transformation t→ t−ω3ϕ.
This would result in a rotating strut along x = ξ4. In either case, there would be CTCs
somewhere near the symmetry axis.
On the other hand, we have |ξ3| = |ξ4| for the factorizable structure function (4.10) and
hence the values of ω are the same along x = ξ3 and ξ4. The torsion singularities along
both parts of the symmetry axis can then be eliminated at the same time. Performing the








dt+ aA(1− x2) dϕ]2 − 1 + (aAxy)2
G(y)
dy2













with G(ξ) given as in (4.14). This is therefore the main difference between the traditional and
new forms of the rotating C-metric: the latter is free of torsion singularities (after the above
transformation) and hence is not plagued by the presence of CTCs near the symmetry axis.
For this reason, we propose that (4.42), (4.14) should be the correct and natural generalization
of the C-metric with rotation.
It is instructive to see what happens if we consider the solution with the structure function
(4.13) instead. This can be regarded as a one-parameter generalization of our new form of
the rotating C-metric, and the presence of the linear term depending on n in G(ξ) will modify
the expressions for the roots. In general, we will have |ξ3| 6= |ξ4| as in the traditional form of
the rotating C-metric, thus implying that this solution cannot be free of torsion singularities.
It follows that the parameter n determines the rate at which the conical singularities are
rotating. This interpretation is consistent with the observation made above that n loses its
physical significance when a = 0; indeed, in the static limit we do not expect the conical
singularities to be rotating at all.
§ 4.5.7 Rod structure
It follows from (4.27a) that on the boundaries x = ξi or y = ξi, the Weyl-Papapetrou coordi-
nate ρ is equal to zero. Hence, these boundaries are mapped by the coordinate transformation
(4.27a) and (4.27b) onto the z axis of the Weyl-Papapetrou coordinate. Also, from (4.27b),
we see that those vertices lying on x − y = 0 are mapped onto z = ±∞ and these are the
asymptotically flat regions. Each of the other vertices in the x− y plane is mapped onto one
of the three points on the z-axis given by (4.30a–c).
The mappings between the vertices in the x-y plane to the points on the z-axis are as
follows:














Regarding to the vertices lying on x− y = 0, we find that
lim
x→ξ3
(x, ξ3)→ z =∞ , lim
y→ξ3
(ξ3, y)→ z = −∞ . (4.43)
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Therefore, we conclude that the boundaries are mapped onto the whole of the z-axis and its
interior is mapped onto the whole of the spacetime described by the Weyl-Papapetrou metric.
As we have seen previously, the black hole event horizon is located at y = ξ2 and this
corresponds to the region between z2 and z3 on the z-axis. Therefore, the finite line mass
corresponds to the black hole event horizon. Similarly, the semi-infinite line mass corresponds
to the acceleration horizon as it is located at y = ξ3 which maps onto the region between z1












Figure 4.2: The positions of the rods along the z-axis of the rotating C-metric.
As in the static counterpart, the new form of the rotating C-metric leads to a more elegant
description of the rod structure, in the sense that the positions of the rod ends are given
by very simple and natural expressions. In particular, the finite rod representing the event
horizon is centered at the origin with length 2
√
m2 − a2/A. Up to a scale factor 1/A, this is
the same as the length of the corresponding rod in the Kerr solution. This is in contrast to
the usual treatment of the rotating C-metric in Weyl-Papapetrou coordinates where z2 and
z3 depend on A in a non-trivial manner [6, 129], which would result in the finite rod changing
length as well as shifting along the z-axis as A is increased.
§ 4.5.8 Zero-acceleration limit
It is clear that when the parameter a is set to zero, the metric (4.9), (4.14) reduces to the
uncharged C-metric solution (2.8), (2.7). We also expect that in the limit of A → 0, we will
obtain the Kerr solution as a special case. Indeed, if we perform the coordinate transformations




















(r2 + a2)2 − a2∆sin2 θ] dϕ2 , (4.44)
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where
∆ = r2 − 2mr + a2 , Σ2 = r2 + a2 cos2 θ . (4.45)
This is just the Kerr solution in Boyer-Lindquist coordinates which describes a single rotating
black hole with horizons located at r = r±. (2.56) is the same transformation as in the usual
case, and shows that the parameter A governs the acceleration of the black hole. On the other
hand, m and a are respectively the ADM mass and rotation of the black hole in this limit.
Chapter 5
Rotating Ernst Type Solution
In this chapter, we will present a new form of the rotating charged C-metric and its properties
are then briefly mentioned in parallel to the uncharged case. We next give a review of the
stationary Harrison transformation first developed by Ernst [64]. Applying this transformation
to the new form of the rotating charged C-metric, we obtain the rotating Ernst solution which
is the generalization of the Ernst solution with rotation. The properties of this solution are
then briefly studied.
§ 5.1 Rotating charged C-metric
It is not difficult to write down the solution of a rotating charged C-metric with a factorizable
structure function. The form of the metric will be the same as in the uncharged case (4.42),
(4.10) but with a different definition of the parameters r±:
r± = m±
√
m2 − a2 − e2 − g2 , (5.1)
where e is the electric charge and g is the magnetic charge. The explicit expression of this
structure function is
G(ξ) = 1 + 2mAξ + (a2A2 + e2A2 + g2A2 − 1)ξ2 − 2mAξ3 − (a2 + e2 + g2)A2ξ4 . (5.2)
The gauge field is given by
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The properties of the rotating charged C-metric in the new form (4.42), (5.2), (5.3) can be
analyzed almost in parallel with those in the uncharged case (c.f. Chapter 4). For this reason,
we will not repeat the analysis here but only present a summary of its properties.
The notation and the sequence of the four real roots of (5.2) is the same as in the uncharged
case. We assume the x and y coordinates take the ranges ξ3 ≤ x ≤ ξ4 and ξ2 ≤ y ≤ ξ3
respectively in order to have the correct spacetime signature. Asymptotic infinity is located
at x = y = ξ3. The black hole event horizon is located at y = ξ2, while the acceleration
horizon is at y = ξ3. The line x = ξ4 is the part of the symmetry axis between the black hole
event and acceleration horizons, while x = ξ3 is that part of the symmetric axis joining up
the black hole event horizon with asymptotic infinity.
The solution is free of torsion singularities everywhere. There are, in general, conical
singularities along x = ξ3 and ξ4. If we take the angle ϕ to have period ∆ϕ, then the deficit
angle along x = ξi, i = 3, 4, is




= 2pi − αi∆ϕ ,
where αi ≡ 12 |G′ (ξi)| . It can be checked that α3 < α4 and are given by
α3 = 1− 2mA+ a2A2 + e2A2 + g2A2 , α4 = 1 + 2mA+ a2A2 + e2A2 + g2A2 .
Both conical singularities cannot be made to vanish at the same time. If we choose
∆ϕ = 2pi/α4, we can remove the conical singularity at x = ξ4 but there is a positive deficit
angle along the ξ3 direction. This can be interpreted as a semi-infinite cosmic string pulling
on the black hole. Alternatively, we can choose ∆ϕ = 2pi/α3 to remove the conical singularity
at x = ξ3 resulting in a negative deficit angle along the ξ4 direction. This can be interpreted
as a cosmic strut pushing on the black hole. The strut continues past the acceleration horizon
and joins up with a ‘mirror’ black hole on the other side of it. For a general choice of ∆ϕ,
there will always be conical singularities on both sides.
The solution can also be cast into the Weyl-Papapetrou form via the coordinate trans-
formation (4.25a), (4.25b) with appropriate identifications of the parameters. Again, the
boundaries x = ξi or y = ξi are mapped by the coordinate transformation (4.25a) and (4.25b)
onto the z axis of the Weyl coordinate. Those vertices lying on x − y = 0 are mapped onto
z = ±∞ and these are the asymptotically flat regions. Each of the other vertices in the x-y
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plane is mapped onto one of the three points on the z-axis given by:
(ξ4, ξ3)→ z = 1− a
2A2 − e2A2 − g2A2
2A2
,
(ξ4, ξ2)→ z =
√
m2 − a2 − e2 − g2
A
,
(ξ3, ξ2)→ z = −
√
m2 − a2 − e2 − g2
A
.
Regarding to the vertices lying on x− y = 0, we find that
lim
x→ξ3
(x, ξ3)→ z =∞ , lim
y→ξ3
(ξ3, y)→ z = −∞ . (5.4)
Therefore, we conclude that the boundaries are mapped onto the whole of the z-axis and its
interior is mapped onto the whole of the spacetime described by the Weyl metric.
The black hole event horizon is located at y = ξ2 and this corresponds to the region
between z2 and z3 on the z-axis. Therefore, the finite line mass corresponds to the black hole
event horizon. Similarly, the semi-infinite line mass corresponds to the acceleration horizon
as it is located at y = ξ3 which maps onto the region between z1 to ∞ on the z-axis. The










Figure 5.1: The positions of the rods along the z-axis of the rotating charged C-metric.
The finite rod representing the black hole event horizon is centered at the origin, with
length 2
√
m2 − a2 − e2 − g2/A. Up to a scale factor of 1/A, this is exactly the same as the
length of the rod in the Weyl form of the Kerr-Newman solution. The “angular velocity” of







m2 − a2 − e2 − g2) . (5.5)
Again, up to a scale factor 1/A, this is exactly the same as “angular velocity” for the outer
horizon in the Kerr-Newman solution.
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If we perform the coordinate transformations (2.56) and take the limit A→ 0, we obtain
ds2 = −
(


















(r2 + a2)2 − a2∆sin2 θ] dϕ2 , (5.6)
where
∆ = r2 − 2mr + a2 + e2 + g2 , Σ2 = r2 + a2 cos2 θ . (5.7)
This is just the Kerr-Newman solution in Boyer-Lindquist coordinates which describes a single
rotating changed black hole with horizons located at r = r±. (2.56) is the same transformation
as in the usual case, and shows that the parameter A governs the acceleration of the black
hole. On the other hand, m, a, e and g are respectively the ADM mass, rotation, electric
charge and magnetic charge of the black hole in this limit.
§ 5.2 Stationary Harrison transformation
Ernst presented a general procedure for transforming asymptotically flat stationary axisym-
metric solutions of the Einstein-Maxwell equations into solutions resembling Melvin’s mag-
netic universe [113] in 1975 [64]. This approach constitutes the only way to add an external
magnetic field to a black hole solution without destroying the nonsingular nature of the event
horizon. However, this procedure involves an unconventional identification of the complex
potentials E and F by interchanging the roles of the timelike and spacelike Killing vector
fields.
We start off with a stationary axisymmetric solution in the form:
ds2 = f−1
[−2P−2 dξ dξ∗ + ρ2 dt2]− f (dϕ− ω dt)2 , (5.8)
where f ≤ 0. The complex gravitational potential E and the complex electromagnetic poten-
tial F will be introduced as in [63, 92],
E = f − |F |2 + iu′ , (5.9a)
F = Φ+ iΦ′ , (5.9b)
but with the roles of ϕ and t interchanged as mentioned. In other words, Φ is the magnetic
potential and Φ′ is related to the electric potential A3 via
∇A3 = iρf−1∇Φ′ − ω∇Φ , (5.10)
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in the Weyl canonical coordinate system. Also, the twist potential u′ is given by
− ρ−1f 2∇ω = i∇u′ + F ∗∇F − F∇F ∗ . (5.12)
The prescription for introducing a magnetic field involves employing a Harrison-type trans-
formation: namely,
E ′ = Λ−1E ,








Λ = 1 +B0F − 1
4
B20E .
Here, the parameter B0 determines the strength of the background magnetic field. Under this
transformation, the fields f and ω are transformed into fields f ′ and ω′ given by
f ′ = |Λ|−2f , (5.13)
∇ω′ = |Λ|2∇ω + ρf−1 (Λ∗∇Λ− Λ∇Λ∗) , (5.14)
while the fields ρ and P are unchanged. As a final remark, if we would like to embed the
black hole solution into a background electric field instead, the above prescriptions are still
valid except with a redefinition of Λ to be
Λ = 1 + iB0F − 1
4
B20E . (5.15)
It is understood that the parameter B0 now determines the strength of the background electric
field.
§ 5.3 Rotating Ernst solution









dt+ aA(1− x2) dϕ]2 − 1 + (aAxy)2
G(y)
dy2














G(ξ) = (1− ξ2)(1 + r+Aξ)(1 + r−Aξ) , (5.17)
and the parameters r± are defined by
r± = m±
√
m2 − a2 − g2 . (5.18)








It is to be noted that the metric (5.16) is the form of the metric without the torsion singular-
ities.
Comparing (5.16) with (5.8), we may identify the fields
f = −G(x)(1 + a
2A2y2)2 + a2A2G(y)(1− x2)2
A2(x− y)2(1 + a2A2x2y2) , (5.20)
ω =
aA [G(x)(1 + a2A2y2)y2 +G(y)(1− x2)]
G(x)(1 + a2A2y2)2 + a2A2(1− x2)2G(y) , (5.21)
P 2 =
A2(x− y)2(1 + a2A2x2y2)





dy√−G(y) + i dx√G(x)
]
. (5.23)











The magnetic and electric potentials are found to be








Next, we need to solve for Φ′ from (5.10). Making use of the new definition of the ∇











































gaA(1− a2A2x2y2)(x2 − 1)
(1 + a2A2x2y2)2
. (5.30)
Integrating (5.29) with respect to x, we have














We are now going to solve for the twist potential u′ from (5.12). Again, based on the new

























√−G(y) ∂ω∂x − 2Φ ∂Φ′∂y + 2Φ′ ∂Φ∂y . (5.33)
The twist potential is therefore found to be
u′ = − 2
aA(x− y)(1 + a2A2x2y2)
[
ma4A3(x3y + xy − 3x2 + 1)y2 + g2(x− y)
− g2a2A2(x2y2 − xy − x2 + 1)y +ma2A(x3y − 3xy + 1 + x2)] . (5.34)
To ensure that the twist potential vanishes when a = 0, we add a constant 2(a2 + g2)/(aA)
to (5.34). We have therefore
u′ = − 2a
A(x− y)(1 + a2A2x2y2)
[
ma2A3(x3y + xy − 3x2 + 1)y2 − a2A2x2y2(x− y)
+ g2A2(xy2 − x3y2 + x2y − y)−mA(x3y + x2 − 3xy + 1)− x+ y] . (5.35)
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To complete the derivation of the rotating Ernst solution, we have to determine the new
fields f ′ and ω′ from (5.13) and (5.14). This is a trivial task to evaluate the new field f ′,
i.e. upon substitution. However, we have to solve (5.14) in order to obtain the new field ω′.





































Unfortunately, the new field ω′ is given by exceedingly complicated expressions and so will
not be reproduced here. Nevertheless, it can still be verified that the new fields f ′ and ω′ with
the new potentials E ′ and F ′ do satisfy the Einstein-Maxwell field equations via numerical
substitutions. Also, it is possible to prove that this solution continues to be free of torsion
singularities along the symmetry axes. For specific values of the parameters of the solution,
we have checked that it is indeed possible to remove the remaining conical singularities with
an appropriate choice of the background magnetic field strength. Hence, this solution is the
generalization of the Ernst solution [65] found in 1976 with rotation.
Chapter 6
Dilaton C-Metric
In this chapter, we will discuss the dilatonic generalization of the charged C-metric with
arbitrary dilaton coupling constant α. This solution was first found by Dowker et al. and






































Again, we will like to rewrite the dilaton C-metric in a new form in this chapter. However,
we will first obtain this new form from the new charged C-metric (3.3), (3.4) via a solution-
generating technique given by Emparan and Teo [61].
The organization of this chapter is as follows. We begin with a review of the static dilaton
charged black hole solutions. It is then followed by a discussion of the solution-generating
technique developed by Emparan and Teo [61]. Next, we will outline the procedure to generate
the new form of the dilaton C-metric. The coordinate transformation relating the new and
old forms in [49] will then be presented. The properties of the solution are then studied in
detail. We then embed the dilaton C-metric into a background electromagnetic field to obtain
the dilaton Ernst solution. The properties of this solution will also be studied.
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§ 6.1 Dilaton charged black holes




√−g [R− 2(∇φ)2 − e−2αφF 2] , (6.5)
which describes the interaction between a scalar field, a U(1) gauge field and gravity. Here,
R is the Ricci scalar, φ is a scalar field (dilaton), g is the metric determinant and Fµν is the
Maxwell field tensor.
The parameter α governs the strength of the coupling between the dilaton and gauge fields.
For α = 0, this is just the standard Einstein-Maxwell field action1. For α = 1, it is part of the
action describing the low-energy dynamics of the string theory; while, for α =
√
3, it arises
from the five-dimensional Kaluza-Klein theory.
The equations of motion can be obtained by varying the action (6.5) with respect to the
metric tensor gµν , the U(1) gauge potential Aµ and the dilaton field φ respectively. The
equations of motion are given by:









= 0 , (6.6b)
∇2φ+ α
2
e−2αφ F 2 = 0 . (6.6c)
The equations of motion (6.6a-c) are invariant with respect to an electric-magnetic duality
transformation, under which the metric is unchanged and the new field strength F˜ and dilaton




e−2αφµνρσF ρσ , φ˜ = −φ . (6.7)
This is the dilatonic generalization of the electric-magnetic duality transformation in Einstein-
Maxwell theory (3.26). Hence, only magnetically charged solutions will be discussed below
since the electric case can be obtained under this duality transformation.
For each value of α, the equations of motion (6.6a-c) admit a two-parameter family of
magnetically charged black hole solutions given by [72, 77]
ds2 = −λ2 dt2 + λ−2 dr2 +R2 (dθ2 + sin2 θ dϕ2) , (6.8)
1When α = 0, the equation of motion for the dilaton field (6.6c) implies that φ is a constant, so the
−2(∇φ)2 term drops from the action giving just the standard Einstein-Maxwell theory.



















The gauge and dilaton fields are given by
























Assuming r+ > r−, then r+ is the location of a black hole event horizon. The extremal limit
occurs when r+ = r−. For α = 0, r− is the location of the inner Cauchy event horizon,
however, for α > 0, the surface r = r− is singular. A short discussion will be given for both
the cases α = 0 and α = 1.
§ 6.1.1 Einstein-Maxwell theory (α = 0)



















dθ2 + sin2 θ dϕ2
)
.
The location of the black hole event horizon is at r = r+ while the inner event horizon is at
r = r−. The extremal case is given by the condition g2 = m2. The extremal value of g/m
corresponds to the case where the gravitational attraction exactly balances the electromagnetic
repulsion.
§ 6.1.2 Low energy string theory (α = 1)

















dθ2 + sin2 θ dϕ2
)
,
§ 6.2. Emparan and Teo’s solution generating technique 70
where the dilaton field is given by




This metric is almost identical to the Schwarzschild metric. The only difference is that the
areas of the spheres of constant r and t now depend on g and are decreased from their
Schwarzschild values. The area goes to zero when r = g2/m causing this surface to be
singular. The surface r = 2m is still a regular event horizon as the metric for fixed θ and ϕ
is the same as the Schwarzschild metric.










where the integral is over a two-sphere at spatial infinity. This contrasts with the case where
the coupling between φ and F in (6.5) is absent, for which it is known that the dilaton charge
must vanish. However, D is not a new free parameter in the solution. It is determined by
m and g, and is always negative. The dilaton charge is also responsible for a long-range,
attractive force between black holes.
The extremal case is given by the condition g2 = 2m2. There is a factor of
√
2 difference
in the extremal value of g/m for string theory and for Einstein-Maxwell theory. This can be
understood that the dilaton contributes an extra attractive force in string theory. Therefore,
for a given m, one needs a larger g to balance the forces between two black holes.
On the other hand, an electrically charged solution can be obtained by simply changing
the sign of φ while keeping the metric fixed. This implies that the dilaton charge is positive
for electrically charged black holes.
§ 6.2 Emparan and Teo’s solution generating technique
In this section, we shall outline a procedure to generate a static, axisymmetric solution of
the Einstein-Maxwell-dilaton equations from a static, axisymmetric solution of the Einstein-
Maxwell equations [61]. This technique has been used in [61] to obtain the non-extremal
dilatonic black dihole solution starting from the non-extremal black dihole solution.
The general solution for an axisymmetric solution to the field equation can always be
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written in the form
ds2 = −f dt2 + f−1 [e2γ (dρ2 + dz2)+ ρ2 dϕ2] . (6.11)
We assume that the only non-zero component of the one-form gauge field is Aϕ. The functions
f , γ and Aϕ depend only on ρ and z.
Suppose we have a magnetically charged solution of Einstein-Maxwell theory specified by
f , γ and Aϕ as in (6.11), then the general dilatonic solution with arbitrary coupling constant
α has a new f ′, γ′, A′ϕ and dilaton φ, given by
f ′ = f
1











1+α2 e2φ˜ , (6.12d)











= 0 , (6.13)
and γ˜ is given in terms of φ˜ by
∂γ˜
∂ρ

















The same results would apply to an electrically charged solution provided that we replace
Aϕ by the electric potential At and set φ → −φ. However, this technique fails for dyonic
solutions.
As an illustration of this technique, we will generate the dilatonic black hole solution in
[72, 77] from the Reissner-Nordstro¨m solution. The familiar form of the electrically charged
Reissner-Nordstro¨m solution is given as
ds2 = −r




r2 − 2mr + e2 + r
2
(
dθ2 + sin2 θ dϕ2
)
, (6.15)
§ 6.3. Derivation of the dilaton C-metric 72
with the electric potential At = −e/r. We transform the (r, θ) coordinates to (ρ, z) through
ρ =
√
r2 − 2mr + e2 sin θ , (6.16a)
z = (r −m) cos θ . (6.16b)
Then (6.15) becomes of the form (6.11) with
f =
(R+ +R−)2 − 4(m2 − e2)
(R+ +R− + 2m)2
, (6.17a)
e2γ =
(R+ +R−)2 − 4(m2 − e2)
4R+R−
, (6.17b)
At = − 2e
R+ +R− + 2m
, (6.17c)
where we have defined
R+ =
√
ρ2 + (z +
√
m2 − e2)2 , (6.18a)
R− =
√
ρ2 + (z −√m2 − e2)2 . (6.18b)
In this case, we shall choose the harmonic function φ˜ to be given by
e−2φ˜ =
(
R+ +R− − 2
√
m2 − e2






Applying the solution-generating procedures (6.12a-d), we obtain (in Weyl coordinates)
f =
R+ +R− − 2
√
m2 − e2
R+ +R− + 2m
(
R+ +R− + 2
√
m2 − e2





(R+ +R−)2 − 4(m2 − e2)
4R+R−
, (6.21)
At = − 1√
1 + α2
2e




R+ +R− + 2
√
m2 − e2




which indeed corresponds to the dilatonic black hole solution [72, 77].
§ 6.3 Derivation of the dilaton C-metric
To start off the derivation of the dilaton C-metric, we first notice the following three observa-
tions:
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1. The functional form of metric components gtt and gϕϕ, as well as gxx and gyy, in the
C-metric type solutions are the same.
2. When the coupling constant α = 0, it will reduce to the charged C-metric.
3. Under the coordinate transformation (2.56), it will reduce to single dilaton black hole
solution (6.8) in the zero-acceleration limit.
Based on the single dilaton black hole solution (6.8), our first guess would be:
gtt = (1 + r+Ay)(1 + r−Ay)
1−α2
1+α2 , (6.24)
gϕϕ = (1− x2)(1 + r−Ay)
2α2
1+α2 . (6.25)
In order to obey the first observation, the first guess will be modified to become
gtt = (1− y2)(1 + r+Ay)(1 + r−Ay)
1−α2
1+α2 (1 + r−Ax)
2α2
1+α2 , (6.26)
gϕϕ = (1− x2)(1 + r+Ax)(1 + r−Ax)
1−α2
1+α2 (1 + r−Ay)
2α2
1+α2 . (6.27)
Now, we still have to modify this guess in order to obey the second observation above, i.e.
gtt =
F (x)G(y)
A2(x− y)2 , (6.28)
gϕϕ =
F (y)G(x)
A2(x− y)2 , (6.29)
where
F (ξ) = (1 + r−Aξ)
2α2
1+α2 , (6.30a)
G(ξ) = (1 + r−Aξ)
1−α2
1+α2 (1− ξ2)(1 + r+Aξ) . (6.30b)




A2(x− y)2 (1− y
2)(1 + r+Ay)(1 + r−Ay)
1−α2





A2(x− y)2 (1− y
2)(1 + r+Ay)(1 + r−Ay) . (6.32)
From (6.12a), we can solve for φ˜ and find it to be








+ 2 ln(1 + r+Ax) + ln
[
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We still have to check that φ˜ is a harmonic function satisfying (6.13). To proceed, we need to
have the coordinate transformation between (ρ, z) and (x, y). The coordinate transformations
are found to be:
ρ2 = −F (x)F (y)G(x)G(y)



















With these, it can be verified that φ˜ does satisfy (6.13) using Maple.
So far, we only obtain the metric components gtt and gϕϕ of the dilaton C-metric. We still
have to determine the metric components gxx and gyy. We consider the θϕ part of the single




dθ2 + sin2 θ dϕ2
)
.
In order to obey the third observation, the xϕ part of the metric of the dilaton C-metric have
to take the following form:














for the dilaton C-metric. Again, to obey the first observation on the same functional form
between the metric components gxx and gyy, we have





The minus sign is chosen so that it will obey the second observation.
The gauge field in the charged C-metric is
Aϕ = √r+r− x .
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1+α2 (1 + r+Ay)
α2











1+α2 (1− y2)− α
2
1+α2 (1 + r+Ay)
− α2


































where F (ξ) and G(ξ) are defined as in (6.30a) and (6.30b). The parameters r± are defined
as in (6.10). This solution describes a pair of oppositely magnetic charged dilaton black holes
uniformly accelerating away from each other. It is a generalization of the charged C-metric
(3.3) with dilaton field.
§ 6.4 Coordinate transformation
To turn the dilaton C-metric (6.1), (6.2), (6.3) into (6.41), (6.30a), (6.30b), we apply the
coordinate transformations (2.10a)-(2.10d) and the scale transformations
A˜ = CA , (6.43a)
F˜ (ξ˜) = B2C2F (ξ) , (6.43b)
G˜(ξ˜) = B2G(ξ) . (6.43c)
Substituting (2.10a) into (6.43c) and equating the independent coefficients, we have
constant : 1−B2c20c21 + r˜+CAB3c30c31 = (BC)
α2
1−α2 B2 (6.44a)
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x : 2B2c20c1 − 3r˜+CAB3C30c21 = (BC)
α2
1−α2 B2r+A (6.44b)














Using this relationship, (6.44c) gives
c20 = (BC)
α2
1−α2 (1 + 3r+Ac1) . (6.46)






















−1 +√1 + 3r2+A2
3r+A
. (6.50)
Substituting (6.45), (6.49) and (6.50) into (6.44a), we have
B =
(





To complete the transformation from the old form to the new form, we still have to make
use of (6.43b). Substituting (2.10a) into (6.43b) and equating the independent coefficients,
we have
constant : 1− r˜−CABc0c1 = (BC)
1+α2
α2 , (6.52a)
x : r˜−CBc0 = (BC)
1+α2
α2 r− . (6.52b)
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Using this relationship, (6.52a) gives
C = B−1 (1 + r−Ac1)
− α2
1+α2 . (6.54)
This completes the transformation between the old and new forms.
§ 6.5 Physical properties
The metric (6.41) can be shown to give various known metrics in the appropriate limits.
Setting r− = 0, (6.10) becomes
r+ = 2m and g = 0 . (6.55)















e−2αφ = 1 , Aϕ = 0 , G(ξ) = (1− ξ2)(1 + 2mAξ) . (6.57)
This is the new form of the uncharged C-metric as discussed in Chapter 2, which is a vacuum
solution and independent of α.






















e−2αφ = 1, Aϕ = gx, G(ξ) = (1− ξ2)(1 + r+Aξ)(1 + r−Aξ) . (6.60)
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This is the new form of the charged C-metric as advocated in Chapter 3.
In the limit of zero acceleration, the metric (6.41) reduces to the metric (6.8) for a single
magnetically charged dilaton black hole. Indeed, performing the following transformation
r = − 1
Ay
, T = A−1t , (6.61)





























The function R(r) is the same as that appearing in (6.8). Setting A = 0 and x = cos θ, we
recover the metric (6.8) of a single magnetically charged dilaton black hole. (6.61) shows that
the parameter A governs the acceleration of the black hole, as well as, the parameters m and
g are respectively to be interpreted as the mass and magnetic charge of the black hole.
The metric (6.41) has two Killing vectors ∂/∂t and ∂/∂ϕ. Define ξ1 ≡ −1/(r−A). The
function G(ξ) has three real roots. In ascending order, these are
ξ2 = − 1
r+A
, ξ3 = −1 , ξ4 = 1 . (6.64)
We further restrict the parameters so that ξ1 < ξ2. The surface y = ξ1 is singular for α > 0,
as can be seen from the square of the field strength. This singular surface is the inner horizon
of the dilaton black holes. The surface y = ξ2 is the black hole horizon and the surface y = ξ3
is the acceleration horizon. They are both Killing horizons for ∂/∂t.
The coordinates (x, ϕ) in (6.41) are angular coordinates. To keep the signature of the
metric fixed, the coordinate x is restricted to the range ξ3 ≤ x ≤ ξ4 in which G(x) is positive
definite. The norm of the Killing vector ∂/∂ϕ vanishes at both x = ξ3 and x = ξ4, which
correspond to the poles of the spheres surrounding the black holes. The axis x = ξ3 points
along the symmetric axis towards spatial infinity. The axis x = ξ4 points towards the other
black hole. Spatial infinity is reached by fixing t and letting both y and x approach ξ3. Since
y → x is infinity, the range of the coordinates y is −∞ < y < x for α = 0 and ξ1 < y < x for
α > 0.
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As in the case of the charged C-metric, it is not generally possible to choose the range of
ϕ such that the metric (6.41) is regular at both x = ξ3 and x = ξ4. Let the range of ϕ be
0 < ϕ ≤ ∆ϕ, then the deficit angles at the two poles δ3, δ4 are given by
δ3 = 2pi − 1
2
∆ϕα3 , δ4 = 2pi − 1
2
∆ϕα4 , (6.65)
where αi = |G′(ξi)| and one can show that α3 < α4. We can remove the conical singularity at
x = ξ4 by choosing ∆ϕ = 4pi/α4, but then there is a positive deficit angle running along the
ξ3 direction. This corresponds to the black hole being pulled by “cosmic strings” of positive
mass per unit length µ = 1−α3/α4. Alternatively, we can choose ∆ϕ = 4pi/α3 to remove the
conical singularity at ξ3. This means there is a negative deficit angle along the ξ4 direction,
which can be interpreted as the black holes being pushed apart by a “rod” of mass per unit
length µ = 1 − α4/α3 (which is negative). For a general choice of ∆ϕ, there will be conical
singularities on both sides. The mass per unit length of the outer singularity will always be
greater than that on the other side.
§ 6.6 Dilatonic Harrison transformation
In 1994, Dowker et al. generalized the Harrison transformation to arbitrary dilaton coupling
constant α [49]. Essentially, this solution-generating technique takes a static, axisymmetric
solution of the Einstein-Maxwell-dilaton field equations into another such solution. Physically,
this technique embeds the seed solution into a background electromagnetic field.
In the case of Kaluza-Klein theory (α =
√
3), this turns out to be quite simple. It
is well-known that the charged black holes in Kaluza-Klein theory can be generated from
the uncharged ones (Schwarzschild with an extra compact spatial dimension) by applying
a coordinate transformation mixing the time and internal coordinates, a “boost”, and then
re-identifying the new internal coordinate. Similarly, we can add a magnetic field along the
symmetry axis of an axisymmetric solution of Kaluza-Klein theory by performing a transfor-
mation mixing the internal and azimuthal coordinates, a “rotation”. Applied to flat space,
this trick reproduces the dilaton Melvin solution given in [77] for α =
√
3.
Let (gµν ,Aµ, φ) be an axisymmetric solution of (6.5). It means all the fields are independent
of the azimuthal coordinate ϕ. Let the other three coordinates be denoted by {xi}. Suppose
also that Ai = giϕ = 0. Then a new solution to the same field equations is given by
g′ij = Λ
2

































This is the dilatonic generalization of the Harrison transformation in Einstein-Maxwell theory
(3.24). This transformation generalizes the “rotation”-type transformation of Kaluza-Klein
theory to all α. The proof relies on showing that the action (6.5) is invariant under the
transformation (6.66) [49] (see also [119, 146]).
In general, the new parameter B introduced via the (dilatonic) Harrison transformation
determines the strength of the background magnetic field in the new solution. We remark
that via the duality transformation (6.7), we can obtain an electrically charged solution where
B now determines the strength of the background electric field.
As an illustration, we will apply the transformation (6.66) on flat spacetime. Flat spacetime
in cylindrical coordinates is given by
ds2 = −dt2 + dρ2 + dz2 + ρ2dϕ2 . (6.68)
Applying these transformations, we obtain the dilaton Melvin solution found by Gibbons and




[−dt2 + dρ2 + dz2]+ Λ− 21+α2 ρ2dϕ2 ,
e−2αφ = Λ
2α2









The gauge potential differs from that in [49] by a gauge transformation so that Aµ is regular
on the axis ρ = 0. This is a generalization of Melvin’s magnetic universe [113] to dilaton field
with arbitrary coupling constant. The parameter B gives the strength of the magnetic field.
It is also easily to be checked that for α > 0, the dilaton is zero on the axis but diverges to
minus infinity as ρ→∞.
Now, we are going to determine the square of the Maxwell field, i.e. F 2. The vector
potential is given by
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The definition of Maxwell tensor is Fµν = ∂νAµ − ∂µAν . The square of the Maxwell field is
F 2 = F µνFµν . Using GRTensor, we can easily show that F
2 = 2B2/Λ4. It has a maximum
value on the axis ρ = 0 and decreases to zero at infinity.
§ 6.7 Dilaton Ernst solution
By applying the transformation (6.66) to the dilaton C-metric (6.41), (6.42), it yields an
















































4A2(x− y)2 (1− x
2)(1 + r+Ax)(1 + r−Ax) . (6.74)
The structure functions F (ξ) and G(ξ) are given as in (6.30a-b). The total magnetic charge
g is related to r+ and r− by (6.10). This solution differs from that in [49] by the choice of the
factorizable structure function G(ξ) which is related by a similar coordinate transformation as
in (2.10a)-(2.10d). It represents two oppositely magnetic charged dilaton black holes uniformly
accelerating apart in a background magnetic field. This is a dilaton generalization of the Ernst
solution [65].
The appearance of the factor e2αφ0 in the expression for the gauge field is due to the
fact that the action (6.5) is invariant under φ → φ + φ0, F → eαφ0 F and the metric is left
unchanged. The constant k in the expression for the gauge field is introduced so that the
Dirac string of the magnetic field of a monopole is confined to one axis. The constant φ0 in
the solution for the dilaton determines the value of the dilaton at infinity. This value will be
fixed so that the dilaton vanishes on the axis at infinity in agreement with (6.69).
The metric (6.72) depends on four other parameters, r±, A and B. Defining m and g
via (6.10), we can think of these parameters together with A and B as related to the mass,
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magnetic charge, acceleration of the black holes and the strength of the magnetic field which
is accelerating them respectively.
The properties of the dilaton Ernst solution (6.72), (6.73) can be analyzed almost in
parallel with those in the dilaton C-metric given in the Sec. § 6.5. The notation as well as the
sequence of ξi are the same as in the dilaton C-metric case.
The metric (6.72) has two Killing vectors, i.e. ∂/∂t and ∂/∂ϕ. The surface y = ξ1 is
singular for α > 0 and analogous to the singular surface (the inner horizon) of the dilaton
black holes. The surface y = ξ2 is the black hole horizon and the surface y = ξ3 is the
acceleration horizon. They are both Killing horizons of ∂/∂t.
The coordinates (x, ϕ) in metric (6.72) are angular coordinates. We restrict the x coor-
dinate to ξ3 ≤ x ≤ ξ4 to have the correct spacetime signature. Due to the conformal factor
(x− y)−2 in the metric, spatial infinity is reached by fixing t and letting y and x approach ξ3.
Letting y → x for x 6= ξ3 gives null or timelike infinity. Since y → x is infinity, the range of
the coordinate y is −∞ < y < x for α = 0, and ξ1 < y < x for α > 0.
The axis x = ξ3 points along the symmetry axis towards spatial infinity. The axis x = ξ4
points towards the other black hole. Note that the coordinates we are using only cover one
region of spacetime containing one of the black holes. The Dirac string singularities attached
to the monopoles will be taken to lie along the axis x = ξ4. This is accomplished by fixing
the constant k so that Aϕ(x = ξ3) = 0.







where Λ(ξi) ≡ Λ(x = ξi). Note that when x = ξi, Λ(x, y) is independent of y and therefore a







In the limits r±  1, the condition (6.75) gives us
mA ' gB , (6.77)
in the leading order in r+A where we have used (6.10) to replace r± with m and g. This has
an obvious interpretation that the conical singularities are absent if the acceleration of the
black holes is provided entirely by the background magnetic field.
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This is true for general α. More generally, the condition (6.75) reduces the number of free
parameters for the solution to three by relating the acceleration to the magnetic field, mass
and magnetic charge. The appearance of Newton’s law (6.77) strongly suggests a regime in
which the solution closely approximates a point particle moving in the Melvin background.
Chapter 7
Five-dimensional “C-Metric”
In this chapter, we construct a solution, which we identify as a five-dimensional “C-metric”1
solution, by making use of the generalized Weyl formalism [59]. The properties of this solution
are then studied. Two solution generating techniques developed by Davidson and Gedalin [39],
and by Teo [140] are studied respectively. We next construct a solution, which we identify
as a five-dimensional “dilaton C-metric”, from the new form of the four-dimensional dilaton
C-metric discussed in Chapter 6. This solution is then to be embedded in a background
magnetic field by using a five-dimensional analogue of the dilaton Harrison transformation.
The properties of the latter two solutions are also studied.
§ 7.1 Review of generalized Weyl solutions
In this section, we review the generalized Weyl solutions following [59]. Emparan and Reall
[59] showed that for any D-dimensional static spacetime with D − 1 additional orthogonal
commuting non-null Killing vector fields, i.e. with a total of D − 2 orthogonal commuting
non-null Killing vector fields, the metric can be written in the canonical form
ds2 = −e2U1 dt2 +
D−2∑
a=2






1This solution is quoted because it may not be the “true” five-dimensional C-metric solution as will be
explained in Sec. § 8.2.
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where Ua = Ua(r, z) and ν = ν(r, z). For the metric (7.1) to be a solution of the vacuum












Ua = 0 , (7.2)
which is just Laplace’s equation in three-dimensional flat space with metric
ds2 = dρ2 + ρ2 dϕ2 + dz2 . (7.3)
The function Ua is independent of the coordinate ϕ, i.e. it is axisymmetric. The solution
is therefore specified by D − 2 independent axisymmetric solutions of Laplace’s equation in
three-dimensional flat space. However, there are only D − 3 independent Ua because there
are furthermore to obey the constraint
D−2∑
a=1
Ua = log ρ+ constant , (7.4)
where the constant term can be freely adjusted by rescaling the coordinates xa. Given the
functions Ua, a = 1, . . . , D − 2, the function ν = ν(r, z) is determined, up to a constant, by
the integrable system of differential equations















Therefore, we can find solutions to the vacuum Einstein’s field equations by first solving the
Laplace equation (7.2) for the functions Ua, a = 1, . . . , D − 2, subject to the constraint (7.4)
and subsequently solve (7.5) to find ν.
It is to be noted that log ρ is the solution of Laplace’s equation that describes the Newto-
nian potential produced by an infinitely long rod of zero thickness lying along the z-axis with
constant mass 1/2 per unit length in which Newton’s gravitational constant has set to one,
i.e. G = 1. The solutions for Ua can also be thought of as Newtonian potentials produced
by certain sources. Therefore, the constraint (7.4) means that these sources must add up to
an infinitely long rod. The solution is hence completely determined by these sources. The
sources for Ua will sometimes be referred to as the sources for x
a.
We now present some general observations that are useful in the interpretation of the
generalized Weyl solutions given its set of sources Ua. To start off, the constraint (7.4) states
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that the sources for the different Ua’s must add up to an infinitely long rod (zero thickness)
along the z-axis with mass 1/2 per unit length. More general sources, such as overlapping
sources with other mass densities or even negative densities, typically give rise to naked
singularities on the axis of symmetry. Also, sources at ρ > 0 will lead to naked singularities.
Assuming that only finitely many rods are present, it follows that either
1. one of the Ua’s has semi-infinite rod sources which extend to z =∞ and z = −∞; or
2. there is one Ua with a semi-infinite rod source which extends to z = ∞ and another
with a semi-infinite rod source which extends to z = −∞. All of the other Ua’s must
have bounded sources consisting of a finite number of finite rods.
If the source for Ua is bounded, then Ua must approach a constant far from the source. It
follows that xa must be a flat direction in the asymptotic region.
We now consider the behaviour near the sources. It naturally leads to two distinct cases
depending on whether xa is a time or spatial coordinate. Assume first that xa is a time
coordinate. In this case, the finite rod sources correspond to event horizons in the spacetime
and the semi-infinite rod sources correspond to acceleration horizons.
On the other hand, the rod sources for a spatial coordinate xa correspond to “bolts” which
are the fixed-point sets of the orbits of ∂/∂xa. If the sources for xa extend to infinity, then
the bolt will also extend to infinity, corresponding to an axis of rotational symmetry with xa
acting as the azimuthal angle. This coordinate will have to be identified with a certain period
determined by the sources in order to avoid a conical singularity. If there is more than one
source, then there will be several bolts and the appropriate periods for xa at each bolt may
differ. In this case, conical singularities will result. A final remark needs to be mentioned
when the spatial coordinate xa consists only of finite rods. Since the source is bounded, Ua
must approach a constant far from the source. This means that xa is a flat direction in
the asymptotic region. It follows that xa is most naturally interpreted as parametrizing a
Kaluza-Klein circle at infinity.
Finally, it is interesting to note that no generalized Weyl solution for D > 5 can be
asymptotically flat if it has sources of non-overlapping thin rods of density 1/2. This is
because at most two of the Ua’s have sources extending to infinity. It follows that at least
D− 4 of the xa’s will have bounded sources. If one of these is the time coordinate, then there
will be at least D− 5 spatial coordinates with bounded sources so the asymptotic metric will
have at least D − 5 compactified flat directions.
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§ 7.2 Five-dimensional “uncharged C-metric”
In this section, we will construct a five-dimensional “uncharged C-metric”. We begin from
the rod configuration as in Fig. (7.1). U1 is the potential of a finite rod z1 ≤ z ≤ z2 and a
semi-infinite rod z ≥ z3, U2 is the potential of a finite rod z2 ≤ z ≤ z3 and U3 is the potential








Figure 7.1: The positions of the rods of the five-dimensional “uncharged C-metric”.
We proceed now to construct the metric corresponding to this rod configuration. Firstly,
we take note of the following results in Newtonian gravity:
1. Potential of a finite rod zi ≤ z ≤ zi+1 is 12 log Ri−ζiRi+1−ζi+1 ,
2. Potential of a semi-infinite rod z ≥ zi is 12 log (Ri − ζi) ,
3. Potential of a semi-infinite rod z ≤ zi is 12 log (Ri + ζi) ,
where
ζi = z − zi , (7.6)
Ri =
√
ρ2 + ζ2i . (7.7)




log(R1 − ζ1)− 1
2
log(R2 − ζ2) + 1
2




log(R2 − ζ2)− 1
2




log(R1 + ζ1) . (7.8c)
The remaining task before obtaining the full metric (7.1) is to solve the function ν by quadra-
tures (7.5). It turns out to be convenient to work in terms of the complex variables w = ρ+iz
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and w˜ = ρ− iz. Using these complex variables, the quadratures (7.5) become

























Also, the potentials (7.8a)-(c) transform as
U1 = log
∣∣∣Re (z1 + iw)1/2∣∣∣− log ∣∣∣Re (z2 + iw)1/2∣∣∣+ log ∣∣∣Re (z3 + iw)1/2∣∣∣ , (7.11a)
U2 = log
∣∣∣Re (z2 + iw)1/2∣∣∣− log ∣∣∣Re (z3 + iw)1/2∣∣∣ , (7.11b)
U3 = log
∣∣∣Im (z1 + iw)1/2∣∣∣ , (7.11c)
where arbitrary additive constants are suppressed.
To calculate ν, we substitute (7.11a)-(c) into (7.9a)-(b) to determine γ and then ν can be
obtained immediately from (7.10). From (7.9a), we have






= (w + w˜)
{[
∂w log












∣∣∣Im (z1 + iw)1/2∣∣∣] [∂w log ∣∣∣Re (z3 + iw)1/2∣∣∣]} . (7.12)
For convenience of notation, we define
F+(zi) ≡ (w + w˜)
[
∂w log
∣∣∣Re (zi + iw)1/2∣∣∣]2 = − w + w˜
4(zi + iw) [(zi + iw)1/2 + (zi − iw˜)1/2]2
, (7.13)
F−(zi) ≡ (w + w˜)
[
∂w log
∣∣∣Im (zi + iw)1/2∣∣∣]2 = − w + w˜
4(zi + iw) [(zi + iw)1/2 − (zi − iw˜)1/2]2
, (7.14)
and for zi > zj
G++(zi, zj) ≡ (w + w˜)
[
∂w log
∣∣∣Re (zi + iw)1/2∣∣∣] [∂w log ∣∣∣Re (zj + iw)1/2∣∣∣]
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= − w + w˜
4(zi + iw)1/2(zj + iw)1/2 [(zi + iw)1/2 + (zi − iw˜)1/2] [(zj + iw)1/2 + (zj − iw˜)1/2] ,
(7.15)
G−+(zi, zj) ≡ (w + w˜)
[
∂w log
∣∣∣Re (zi + iw)1/2∣∣∣] [∂w log ∣∣∣Im (zj + iw)1/2∣∣∣]
= − w + w˜
4(zi + iw)1/2(zj + iw)1/2 [(zi + iw)1/2 + (zi − iw˜)1/2] [(zj + iw)1/2 − (zj − iw˜)1/2] .
(7.16)
Now, (7.12) takes the form
∂wγ = F+(z2) + F+(z3) + F−(z1)− 2G++(z3, z2) +G−+(z2, z1)−G−+(z3, z1) . (7.17)
In order to integrate (7.17), it is necessary to integrate F±, G++ and G−+. One can use a
change of variable
Z = zi + iw
yielding the integration formula up to an arbitrary function h(w˜)∫
F±(zi) dw = −1
4
log(zi + iw) + log
[
(zi + iw)
1/2 ± (zi − iw˜)1/2
]
+ h(w˜) , (7.18)∫
G++(zi, zj) dw = log






1/2 + (zj + iw)
1/2
]
+ h(w˜) , (7.19)∫
G−+(zi, zj) dw = log







1/2 + (zj + iw)
1/2
]
+ h(w˜) . (7.20)
With these integration formulae, we obtain
γ = −1
4
log(z1 + iw)− 1
4
log(z2 + iw)− 1
4
log(z3 + iw) + log
[
(z1 + iw)










1/2 + (z3 − iw˜)1/2
]
− 2 log ∣∣Re [(z2 + iw)1/2 + (z3 + iw)1/2]∣∣+ log [(z2 + iw)1/2 + (z3 + iw)1/2]
+ log














1/2 + (z3 + iw)
1/2
]
− log ∣∣Im [(z3 + iw)1/2]∣∣+ log ∣∣Im [(z1 + iw)1/2 + (z3 + iw)1/2]∣∣+ h(w˜) . (7.21)
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1/2 + (zi − iw˜)1/2
]
= log




1/2 − (zi − iw˜)1/2
]
= log
∣∣Im(zi + iw)1/2∣∣ , (7.23)
log
∣∣Im [(zi + iw)1/2 + (zj + iw)1/2]∣∣− log ∣∣Im [(zj + iw)1/2]∣∣
= log
∣∣Re [(zi + iw)1/2 + (zj + iw)1/2]∣∣− log ∣∣Re [(zi + iw)1/2]∣∣ . (7.24)
From (7.10) and (7.21), we obtain
ν = −1
4
log(z1 + iw)− 1
4




∣∣Re(z2 + iw)1/2∣∣+ log ∣∣Re(z3 + iw)1/2∣∣
− 2 log ∣∣Re [(z2 + iw)1/2 + (z3 + iw)1/2]∣∣+ log [(z2 + iw)1/2 + (z3 + iw)1/2]




















log(z1 + iw)− 1
4











∣∣Re(z2 + iw)1/2∣∣+ log ∣∣Re(z3 + iw)1/2∣∣






























1/2 + (z3 + iw)
1/2
]
+ h(w˜) . (7.25)




log(z1 − iw˜)− 1
4


















(z1 − iw˜)1/2 + (z3 − iw˜)1/2
]
. (7.26)




log |(z1 + iw)| − 1
2
log |(z2 + iw)| − 1
2









∣∣Re(z2 + iw)1/2∣∣+ log |Re(z3 + iw)|




log |Re(z1 + iw)|+ 1
2
log |Re(z2 + iw)|
− log ∣∣Re [(z1 + iw)1/2 + (z2 + iw)1/2]∣∣+ log ∣∣(z1 + iw)1/2 + (z2 + iw)1/2∣∣
− 1
2
log |Re(z1 + iw)| − 1
2
log |Re(z3 + iw)|
+ log


















log Y12 − 1
4
log Y13







R2 − ζ2 , (7.27)
where
Ri = |(zi + iw)| , (7.28)√
Ri − ζi =
∣∣Re(zi + iw)1/2∣∣ , (7.29)√
Ri + ζi =
∣∣Im(zi + iw)1/2∣∣ , (7.30)
log Yij = 2 log
∣∣Re(zi + iw)1/2∣∣+ 2 log ∣∣Re(zj + iw)1/2∣∣+ 4 log ∣∣(zi + iw)1/2 + (zj + iw)1/2∣∣
− 4 log ∣∣Re [(zi + iw)1/2 + (zj + iw)1/2]∣∣ . (7.31)
Taking x1 = t, x2 = ϕ and x3 = ψ, the full metric is thus derived explicitly as
ds2 = −(R1 − ζ1)(R3 − ζ3)
R2 − ζ2 dt
2 +
R2 − ζ2
A2(R3 − ζ3) dϕ










R2 − ζ2 (dρ
2 + dz2) (7.32)
where
Yij = ρ
2 +RiRj + ζiζj . (7.33)
Here, A is a constant and its physical meaning would be given later. Also, z1 < z2 < z3 and
e2γ0 are constants to be adjusted later.
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§ 7.3 Physical properties
We will first check the regularity conditions for the spatial sections of (7.32). Considering the
ds2ψρ part of the metric, it turns out that by choosing e
2γ0 = 1/4 and the period of ψ to be 2pi,
we have a regular spacetime along the ψ-axis for the part z < z1. Therefore, it is necessary
to have a conical singularity running along the ϕ-axis for the part z2 < z < z3. The conical














Figure 7.2: The positions of the rods along the z-axis in the massless limit.
We will now consider the background spacetime limit of (7.32) in which the black hole
disappears. This corresponds to shrinking the finite rod of the time coordinate to zero size,
i.e. by setting z1 = z2, leaving just the rods as in Fig. (7.2). It can be seen that the resulting
rod structure corresponds to the five dimensional Rindler solution. In this case, the metric
becomes
ds2 = −(R3 − ζ3) dt2 + R2 − ζ2
A2(R3 − ζ3) dϕ










R2 − ζ2 (dρ
2 + dz2) . (7.35)
This is a non-trivial spacetime with the existence of a conical singularity. In addition to the
semi-infinite rotational axis for the ψ coordinate, there is a finite-length rotational axis for the
ϕ coordinate. Notice that these axes are not one-dimensional lines, but rather two-dimensional
membranes [139]. Although the semi-infinite axis has the topology of an open disk D2, the
finite one has the topology of a sphere S2.
By demanding that the semi-infinite axis along ψ-axis be regular, it is unavoidable to have
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Therefore, this space-time consists of one conical membrane with S2 topology. This weird
feature of the background spacetime is required if we want to construct black hole solutions
within the generalized Weyl formalism. A black hole with an event horizon of S3 topology
can only be introduced at points along the z-axis where the rods for the ϕ and ψ coordinates
meet [139], i.e. fixed points of the U(1) × U(1) rotational symmetry. A black hole can be
reintroduced into the background spacetime as in Fig. (7.1).
Notice that since our solution (7.32) has three characteristic points [88], z1, z2, z3, it turns
out to be possible to introduce coordinates similar to that used in the standard form of the
C-metric. The transformation in this case is [88]
ρ =
√
(1− x2)(1 + 2mAx)(y2 − 1)(1 + 2mAy)
A2(x− y)2 , (7.37)
z =
(1− xy)(1 +mAx+mAy)
A2(x− y)2 , (7.38)










In this new coordinate system, x and y assume the finite ranges −1 ≤ x ≤ 1 and −1/(2mA) ≤
y ≤ −1 with the constraint 0 < mA < 1/2.






















G(ξ) = (1− ξ2)(1 + 2mAξ) . (7.41)
Note that the whole metric (7.40) has been rescaled by an overall constant A under the
consideration of the dimensions. Taking ds2 to have the dimension of length L, we assign
dimensions
[m] = L2 , [A] = L−2 ,
and regard t, x, y, ϕ and ψ as dimensionless. Here, m and A correspond to the mass and
the acceleration of the black holes. In these new coordinates, the finite and semi-infinite rods
of the t-axis are at y = −1/(2mA) and y = −1 respectively. Therefore, the black hole event
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horizon is located at y = −1/(2mA) and the acceleration horizon is located at y = −1. The
finite rod on the ϕ-axis is at x = 1 and the semi-infinite rod on the ψ-axis is at x = −1.
Asymptotic infinity is located at x = y = −1.
If we perform the coordinate transformations given by
y = − 2
AR2
, x = cos(2θ) , t =
√
A t′ , (7.42)













dθ2 + sin2 θ dϕ2 + cos2 θ dψ2
)
(7.43)
which is just the five dimensional Schwarzschild solution. The coordinate transformation
(7.42) is the five-dimensional analogue of (2.56). It confirms that the parameter A governs
the acceleration of the black holes and the parameter m is related to the mass of the black
holes.
§ 7.4 Davidson and Gedalin’s solution generating tech-
nique
In 1994, Davidson and Gedalin [39] noticed a formal similarity between the four-dimensional
static, axisymmetric Einstein-Maxwell-Dilaton field equations and the four-dimensional sta-
tionary, axisymmetric Einstein field equations. Starting from the Kerr solution, they obtained
the dilatonic generalization of the Bonnor solution [8] which describes a magnetic dipole in
general relativity. This solution describes a static pair of oppositely charged, extremal dila-
tonic black holes which is known as black dihole [55].
In this section, we will present the details of this technique which generates a four-
dimensional static, axisymmetric solution of the Einstein-Maxwell-dilaton equations starting
from a four-dimensional stationary, axisymmetric solution of the vacuum Einstein equations
following [102]. Einstein-Maxwell-dilaton theory in four dimension has the action integral
(6.5) and the respective field equations are given as in (6.6a)-(6.6c).
The most general static, axisymmetric solution to the field equation can be cast in the
Weyl form [92]:
ds2 = −f dt2 + ` dϕ2 + eµ (dρ2 + dz2) . (7.44)
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Furthermore, we choose a purely magnetic ansa¨tz A ≡ Aϕ with all other components Aµ
vanishing. It is also understood that f, `, µ, A and φ are functions of ρ and z only.
With this ansa¨tz, we can now evaluate the left- and right-hand sides of (6.6a). Defining






= 0 . (7.45)
A simple solution to this equation is given by D = ρ [92]. With this choice, we may evaluate
the Rtt equation to arrive at
f
(
fρρ + fzz + ρ
−1fρ
)− f 2ρ − f 2z = 2ρ−2f 3e−2αφ (A2ρ + A2z) , (7.46)
where subscripts ρ and z indicate partial derivatives of the corresponding function with respect
to these variables. Similarly, by evaluating the Ricci components Rρρ−Rzz and Rρz, we obtain
respectively















µz = −f−1fz + ρf−2fρfz + 4ρφρφz + 4e−2αφρ−1AρAz . (7.47b)
Finally, we obtain from (6.6b) and (6.6c) the gauge field and dilaton equations respectively:
Aϕϕ + Azz − ρ−1Aρ = 2α (Aρφρ + Azφz)− f−1 (Aρfρ + Azfz) , (7.48)








The crucial step in this generating technique is to realize that if we set
f˜ 2 = fe−2αφ and w = i
√
1 + α2A , (7.50)
then (7.46) and (7.48) respectively become
f˜
(
f˜ρρ + f˜zz + ρ
−1f˜ρ
)






= 0 , (7.51)
f˜
(






= 0 . (7.52)
These equations are precisely the same as those derived from the vacuum Einstein equations
for a stationary, axisymmetry metric
ds2 = −f˜ (dt− w dϕ)2 + ρ2f˜−1 dϕ2 + eµ˜ (dρ2 + dz2) , (7.53)
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using a Ernst-type formalism [62, 63](c.f. Eqn. (2.12a) and (2.12b) of Islam [92]). For every
such solution to the vacuum Einstein equations, we can therefore find a corresponding solution
to the Einstein-Maxwell-dilaton equations via (§ 7.4). Nevertheless, one should be aware that
this procedure would, in general, generate an imaginary gauge field. Thus, a real solution to
the Einstein-Maxwell-dilaton equations can be generated via this method only if an analytic
continuation of the parameter(s) in the seed solution is possible.
Finally, we see that the dilaton equation (7.49) can be written as
φρρ + φzz + ρ







which, using (7.51), admits the solution
φ = − α
1 + α2
ln f˜ + φ˜ , (7.55)
where φ˜ is a harmonic function satisfying φ˜ρρ + φ˜zz + ρ
−1φ˜ρ = 0. We thus have
f = f˜
2
1+α2 e2αφ˜ . (7.56)
These expressions, together with that for the gauge field obtained from (§ 7.4), can then
be used to deduce µ via (7.47a) and (7.47b). This completes the derivation of the static,
axisymmetric solution to the field equations (6.6a)-(6.6c).
We remark that this technique is just a dilatonic generalization of Theorem 30.8 in Kramer
et. al. [138], which Bonnor [8] used to generate the magnetic dipole solution. Using the same
solution as seed, Davidson and Gedalin [39] made use of the above technique to obtain the
dilatonic generalization of the Bonnor solution. If one begins with the self-dual Taub-NUT
solution, one would obtain a generalization of the Gross-Perry-Sorkin [84, 137] monopole solu-
tion with arbitrary dilatonic coupling constant, which can also be interpreted as an extremal
dilatonic black hole [77, 72].
§ 7.5 Teo’s solution generating technique
A formal similarity is observed between the four-dimensional Ernst equation and the field
equations coming from five-dimensional dilaton gravity theory coupled to a two-form gauge
field when a generalized Weyl symmetry is assumed [140]. This will allow us to turn known
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solutions of one system into new solutions of the other. In this section, we will present the
details of this technique following [140].
We shall consider five-dimensional gravity coupled to a dilaton field φ and two-form gauge















Here, Hµνλ ≡ ∂µBνλ + ∂νBλµ + ∂λBµν is the three-form field strength, and α is a parameter
governing the coupling of the dilaton to the gauge field. Since changing the sign of α is
equivalent to changing the sign of φ, it is sufficient to consider only α ≥ 0. The case α = 2√2/3
is particularly important as it arises from the low-energy effective action of string theory



























= 0 . (7.58c)
We seek a solution to these equations that is static and axisymmetric with respect to two
angular coordinates ϕ and ψ, i.e., an R × U(1) × U(1) symmetry. The most general metric
satisfying these conditions can be written as
ds2 = −f dt2 + ` dϕ2 + k dψ2 + eµ (dρ2 + dz2) , (7.59)
where f, `, k and µ are functions of ρ and z only. This is an immediate generalization of
the Weyl form for static, axisymmetric space-times in four dimensions [59]. Furthermore, we
assume that the only non-zero component of the two-form gauge field is Bϕψ ≡ B2. Both B
and φ are also functions of ρ and z only.
Now, we begin with three of the six non-trivial equations coming from (7.58a):
2eµDRtt = (Dfρ)ρ + (Dfz)z −Df−1
(


















































2We consider only this component because it corresponds to a purely magnetic field in five dimensions. In
this case, we are assuming that the black hole is purely magnetic.
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where we have defined D2 ≡ fk`, and denoted fρ ≡ ∂f/∂ρ, fz ≡ ∂f/∂z, etc., for brevity.
Considering the combination eµD−1 (k`Rtt − fkRϕϕ − f`Rψψ), we obtain
Dρρ +Dzz = 0 . (7.61)
A solution is D = ρ. Substituting this back into (7.60b) and (7.60c) respectively, we obtain
fρρ + fzz + ρ
−1fρ − f−1
(





























Also, the dilaton and two-form gauge field equations respectively become
φρρ + φzz + ρ








Bρρ +Bzz − ρ−1Bρ = −f−1 (Bρfρ +Bzfz)− α (φρBρ + φzBz) . (7.63b)
If we define





then (7.62a), (7.63a) and (7.63b) imply that
f˜
(
f˜ρρ + f˜zz + ρ
−1f˜ρ
)
− f˜ 2ρ − f˜ 2z + ρ−2f˜ 4 (w˜ρ + w˜2z) = 0 , (7.65a)




= 0 . (7.65b)
These two equations are equivalent to the Ernst equations (c.f. Eqn. (2.12a) and (2.12b) of
[138]) coming from the four-dimensional vacuum Einstein equation, if we consider a stationary,
axisymmetric metric of the form (7.53). This is the crucial correspondence which would allow
us to obtain solutions to the action (7.57), starting from solutions to pure Einstein gravity.
Note, however, that this correspondence in general gives a B that is imaginary. To obtain
a real expression for B, the original solution must admit a parameter which be analytically
continued so that w becomes imaginary while leaving f˜ real.
Suppose we have found suitable solutions f˜ and w to the equations (7.65a) and (7.65b),
the next step is to solve for k and φ. The latter would then give us f by the first equation of




ln f˜ + φ˜ , (7.66)
where φ˜ is a harmonic function satisfying φ˜ρρ + φ˜zz + ρ
−1φ˜ρ = 0. We then have
f = f˜
8
4+3α2 e−αφ˜ . (7.67)
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where h is another arbitrary harmonic function. A suitable choice for h will be made below.
Having obtained φ, k, f and B, the final step is to solve for µ. Using the three remaining

































ρ−1µz = f−2fρfz + k−2kρkz +
1
2
f−1k−1 (fρkz + fzkρ)− ρ−1f−1fz − ρ−1k−1kz
+ φρφz + ρ
−2feαφBρBz . (7.69b)
These two equations can be integrated to obtain µ. This therefore completes the procedure
whereby a stationary, axisymmetric solution (7.53) to the four-dimensional vacuum Einstein
equation may be converted into a static, axisymmetric solution of five-dimensional dilaton
coupled to a two-form gauge field. It is the analog of the Davidson and Gedalin’s solution
generating technique in four dimensions which has been discussed in Sec. § 7.4.
§ 7.6 Five-dimensional “dilaton C-metric”
In this section, we will make use of the previous two solution-generating techniques to generate
a solution which we identify as a five dimensional “dilaton C-metric”. This will be the five-
dimensional generalization of the dilaton C-metric in four dimensions [49] (c.f. Chapter 6).
We start from the new four dimensional dilaton C-metric (6.41), (6.42). We have
f4 = − 1
















G(ξ) = (1− ξ2)(1 + r+Aξ) , F (ξ) = 1 + r−Aξ . (7.73)
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This solution does not take the same form as in (6.41). Here, we have rescaled the dilaton
coupling constant, i.e. α→ −α/2.









we can map a static four dimensional Einstein-Maxwell-dilaton solution (f4, g4, φ4) to a four
dimensional stationary Einstein solution (f˜4, w4). The four dimensional stationary Einstein





−G(y)F (y) , w4 = i√r+r− x . (7.75)
The four dimensional stationary Einstein solution (f˜4, w4) can further be mapped to a five
dimensional static Einstein-Maxwell-Dilaton solution (f, g, φ) via Teo’s solution generating
technique (c.f. Sec. § 7.5),
f˜ 24 = fe




g , φ =
6α
4 + 3α2





where φ˜ and h are two arbitrary harmonic functions. Note also that
fkl = ρ2 = −G(y)G(x)F (y)F (x)
A4(x− y)4 . (7.77)
For the choice of these two harmonic functions,






















f = − 1
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4+3α2 dϕ2 , (7.85)
















The parameters r± are defined as in (6.10). It can be seen that setting α = 0 and r− = 0, we
recover our five dimensional “uncharged C-metric” (7.40).
The conical singularity at x = −1 on the ψ-axis is found to be












K = 2(1− r+A)2(1− r−A)
8−3α2
4+3α2 , ∆ψ = 2pi , (7.89)
we can make the spacetime regular here. Also, the conical singularity at x = 1 on the ϕ-axis
is found to be











































dθ2 + sin2 θ dϕ2 + cos2 θ dψ2
)
. (7.91)
This is just the solution for a dilatonic black hole in five dimensions [91].
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§ 7.7 Five-dimensional “dilaton Ernst” solution
As in the four-dimensional counterpart, it is also possible to embed the solution (7.85) into
a background magnetic field by means of a Harrison-type transformation. The corresponding
transformation for a magnetically charged two-form gauge field coupled to a dilaton field in
five dimensions is [140]





























+ B2ρ2f˜−2 , (7.93)
and B is a constant that determines the background magnetic field strength. The proof
of (7.92) involves writing this transformation in terms of (f˜ ′, w′) and showing that it is a
solution of (7.65a-b). The behavior of µ under this transformation can then be deduced from
(7.69a-b). An analogous transformation for a magnetically charged one-form gauge field in
five dimensions can be found in [56]. It is to be noted that once we have f˜ ′, we need to apply
Teo’s solution generating technique (c.f. Sec. § 7.5) again in order to obtain the final solution.

















































A2(x− y)2 G(x)F (x) . (7.95)
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The conical singularity at x = −1 on the ψ-axis is found to be























4+3α2 , ∆ψ = 2pi , (7.99)
we can make the spacetime regular here. Also, the conical singularity at x = 1 on the ϕ-axis




















By adjusting B appropriately, it is possible to make the spacetime free of conical singularities















This represents the situation in which only the background field provides the necessary force
to accelerate the two black holes.
As a remark, we recall that in five dimensions, a solution that is magnetically charged with
respect to the three-form field strength Hµνσ could be dualized into another solution that is
electrically charged with respect to a two-form field strength Fµν . This duality transformation
takes the form
φ′ = −φ , Fµν = eαφ(∗H)µν , (7.103)



















In this thesis, we have proposed a new form of the C-metric [88], with the explicitly factorizable
structure function G(ξ) = (1 − ξ2)(1 + 2mAξ). Although this form is related to the usual
one by a coordinate transformation, it has the advantage that its roots are now trivial to
write down. We show that this leads to potential simplifications in the analysis of the C-
metric, for example, when casting the C-metric in Weyl coordinates. These results also
extend to the charged C-metric, whose structure function can be written in the new form
G(ξ) = (1− ξ2)(1 + r+Aξ)(1 + r−Aξ), where r± are the usual locations of the horizons in the
Reissner–Nordstro¨m solution.
Besides simplifying known results, the new form of the C-metric opens up the possibility
of performing calculations that were previously impractical if not impossible. One example
that was presented is the calculation of the explicit form of the extremal charged C-metric in
Weyl coordinates.
A natural step at this stage is to extend this idea to the rotating (charged) C-metric
[6, 129, 100]. In this case, we have also proposed a new form of the rotating (charged)
C-metric with an explicitly factorizable structure function [89]. This solution is physically
distinct from the traditional form of the rotating C-metric [6, 129, 100], in that the strut
and/or cosmic string causing the black holes to accelerate apart do not contain any torsion
singularities and is hence free of CTCs. Because of the latter fact, we claim that this new
form should be considered the natural generalization of the (charged) C-metric with rotation.
Moreover, the fact that the structure function is factorizable means that its roots are now
104
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straightforward to write down, and this leads to simplifications in the analysis of the rotating
(charged) C-metric. For example, simple expressions are found for the angular velocity and
area of the black-hole event horizon. This new form of the solution also gives a natural
description of the rod structure when it is cast in Weyl–Papapetrou form.
We have also managed to embed the rotating charged C-metric in a background electro-
magnetic field, which would give a rotating version of the Ernst solution [65], following the
procedure described in [64, 66]. Unfortunately, it is given by exceedingly complicated expres-
sions. It is possible to prove that this solution continues to be free of torsion singularities along
the symmetry axes. For specific values of the parameters of the solution, we have checked
that it is indeed possible to remove the remaining conical singularities with an appropriate
choice of the background electromagnetic field strength.
We also applied this idea to spacetimes that are closely related to the charged C-metric,
such as the dilatonic C-metric [49]. We obtained the new form of the dilaton C-metric from
the new form of the charged C-metric via the solution generating technique given by Emparan
and Teo [61]. In this case, the new form is related to the traditional one [49] by a coordinate
transformation.
Another example is the rotating black ring solution in five dimensions [60], which can
be obtained by analytic continuation of the C-metric solution in Kaluza–Klein theory [27].
The black ring solution is the first explicit example of non-uniqueness in higher dimensional
gravity in the sense that the asymptotically determined quantities do not uniquely specify the
solution: in five dimensions there exist asymptotically flat vacuum solutions with the same
mass and angular momentum, but with distinct horizon topologies - one is the rotating black
hole with S3 horizon and the other is the rotating black ring with S2 × S1 horizon. It can be
written in the explicitly factorizable form:

































F (ξ) = 1− ξ/ξ1, G(ξ) = (1− ξ2)(1− νξ) . (8.2)
The roots of G(ξ) are now given by ξ2 = −1, ξ3 = 1, and ξ4 = 1/ν (following the labelling
of [60]), where 0 < ν < 1. For ξ1 = (1 + ν
2)/(2ν), we have a regular solution free of
conical singularities. Using this factorizable form of the rotating black ring solution, Elvang
determined the exact value of the lower bound on J2/M3, where J is the angular momentum
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and M the mass [53].
One can also start with the Weyl form of a certain spacetime solution and work backwards
to cast it in C-metric-type coordinates. This is in principle possible for any solution whose
rod structure contains exactly three ‘characteristic points’ zi (i = 1, 2, 3) where the rods
terminate.1 However, in the old formalism, the positions of these three points have to obey a
cubic equation of the form
2A4z3i − A2z2i +m2 = 0 . (8.3)
This makes it cumbersome to relate zi to the new parameters m and A that would appear in
the final form of the solution in C-metric-type coordinates. On the other hand, when using
the new formalism, the three characteristic points have to satisfy
(2A2zi − 1)(A2z2i −m2) = 0 . (8.4)
It is now a trivial matter to relate zi to m and A. As an application of this method, a Weyl
solution describing a black dihole (i.e., a pair of oppositely charged extremal black holes)
in five dimensions was transformed to C-metric-type coordinates in [140], simplifying the
solution and thus making its properties more amenable to analysis. This method can also be
applied to the multiple accelerating black hole solution [50], if one wants to close in to a single
accelerating black hole and cast it in C-metric-type coordinates. Quite recently, it has also
been used in the newly found four-dimensional accelerating dihole as well as five-dimensional
static di-ring solutions [141].
Using a generalized Weyl formalism [59], we obtained a solution which we identified as
the five-dimensional uncharged C-metric. This solution reduces to expected known solutions
in various limits. Starting from the new form of the four-dimensional C-metric, we generated
a solution in which we identified as a five-dimensional dilaton C-metric by Davidson and
Gedalin’s [39] as well as Teo’s [140] solution generating techniques. When the dilaton field
decouples with the gauge field, this solution reduces to the five-dimensional C-metric we
identified previously. We further embedded this solution into a background electromagnetic
field to obtain a five-dimensional dilaton Ernst solution. It is to be noted that without the
new form of the four-dimensional dilaton C-metric, the task to generate this five-dimensional
dilaton C-metric would be almost impossible.
1This is analogous to the well-known result that any Weyl solution with two characteristic points ±z0
can be simplified by casting it in prolate spheroidal coordinates (p, q) defined by p ≡ 12z0 (R+ + R−) and
q ≡ 12z0 (R+ −R−), where R± ≡
√
ρ2 + (z ± z0)2.
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§ 8.2 Outlook
There are a few avenues for the extension of the current work. Firstly, with the simpler
expressions of the charged C-metric (extremal or otherwise) in the Weyl form, it is hoped
that the multiple charged C-metric solution (extremal or otherwise) could be obtained using
the Sibgatullin’s integral method [136, 107]. This solution will be the generalization of the
Dowker and Thambyahpillai solution [50] with electric or magnetic charge. We can then study
the interaction between black holes following [36].
In the case of the rotating (charged) C-metric, it is believed that the two black holes are
rotating in the opposite sense. However, so far, no work has been done to verify that this
is indeed the case. Recall that for charged C-metric, Cornish and Uttley [35] showed that
the two black holes carry opposite charge by considering the weak field limit of the charged
C-metric, i.e. Born solution. There is no such analogue for the rotating solution. In view of
this, a radically different approach might be needed.
There is another possible extension using the rotating Ernst solution. Recall that this
solution is free of conical singularities by choosing an appropriate strength of the background
electromagnetic field. This solution can then be used to calculate the pair-production rate of
Kerr–Newman black holes by a background electromagnetic field, following [15, 16].
In the derivation of the new form of the rotating C-metric from the Pleban´ski-Demian´ski






















G(ξ) = 1 + 2nAξ − ξ2 − 2mAξ3 − a2A2ξ4 . (8.6)
This solution could be regarded as one parameter generalization of the new form of the rotating
C-metric. The extra parameter n has previously been identified as a NUT parameter [121, 138]
on the basis of how certain solutions with NUT parameter can be obtained as limiting cases
in the general Pleban´ski-Demian´ski solution. However, it turns out that the parameter n
has a rather different physical interpretation in the general solution before any limit is taken.
The relation between the NUT parameter and the parameter n has recently been clarified by
Griffiths and Podolsky [81, 82, 83].
The presence of the linear term depending on n in G(ξ) will modify the expressions for the
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roots. In general, we will have |ξ3| 6= |ξ4| as in the traditional form of the rotating C-metric,
thus implying that this solution cannot be free of torsion singularities. In this case, the cosmic
strut/string will be rotating and hence there exits spin-spin interaction between the cosmic
strut/string and the black hole. This spin-spin interaction was first discovered by Wald [142].
He found that this spin-spin interaction has the same form as the force between two dipoles
in electromagnetism, except that its sign is opposite. Notice that this necessarily implies that
the spin-spin interaction between parallel spinning masses is repulsive. Therefore, it might be
worthwhile to study this system in its own right.
Recall that the original solution of Plebanski and Demianski [121] also contains a cosmo-
logical constant Λ. It is therefore easy to embed the rotating C-metric solution in a de Sitter
or anti-de Sitter background. A form of this solution which extends the factorizable structure



























eaAy(1− x2) + gx(1 + a2A2y2)
1 + a2A2x2y2
dϕ , (8.8)
where the structure functions are
G(x) = (1− x2)(1 + r+Ax)(1 + r−Ax) , (8.9)
F (y) = G(y) +
Λ
3A2
(1 + a2A2y4) . (8.10)
Here, the parameters r± are defined by
r± = m±
√







although it is important to note that they are no longer the locations of the horizons of the
Kerr–Newman–dS/AdS black hole, as in the case of zero cosmological constant.
It can be shown that the general solution (8.7)–(8.10) is free of torsion singularities along
the symmetry axes x = ±1, and should therefore be considered the natural generalization of
the rotating C-metric with a cosmological constant. It is then interesting to have a complete
analysis of this solution following [43, 44]. Also, it would be interesting to compare the
properties of this solution to the rotating dS C-metric solution presented in [16], and also
study the pair production of rotating black holes in the dS/AdS background [110, 16, 46, 41].
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In the non-rotating limit, this solution is equivalent to the dS/AdS C-metric solutions in
[110, 124, 122, 43, 44], up to a coordinate transformation of the form described in [88]. It
remains to be seen whether this new form will have any advantages as compared to the one
in [124, 122, 43, 44]. At this point, a relevant remark is interesting. One can also have an
alternative form for the non-rotating dS/AdS C-metric solutions with the same metric (8.7)
with a = 0 and the structure functions
G(x) = (1− x2)(1 + r+Ax)(1 + r−Ax)− Λ
3A2
, (8.12)
F (y) = (1− y2)(1 + r+Ay)(1 + r−Ay) . (8.13)
This is the form adopted by Mann and Ross [110] and is related to the form adopted in
[124, 122, 43, 44] by a coordinate transformation of the form as described in [88] with a
redefinition of the parameter A. Their physical interpretations are then equivalent and the
only difference lies in the interpretation of the parameter A. In the Mann and Ross case,
the parameter A is the total acceleration of the black holes which includes the contributions
from both the cosmic strut/string and the cosmological background. However, in the other
case, the parameter A is only the acceleration of the black hole contributed by the cosmic
strut/string. It would be better to adopt the form in which the angular sector of the metric
ds2xϕ is independent of the cosmological constant Λ. In this case, the parameter A encodes
the acceleration caused by the conical singularity (cosmic string and/or cosmic strut), and is
independent of the cosmological constant Λ.
There are still other very interesting solutions in general relativity with generic cosmo-
logical constant. These solutions are neither like the dS, Minkowski and AdS nor contain
black holes, and could be regarded as intermediate solutions. These are the Nariai, Bertotti-
Robinson and anti-Nariai solutions [138].
The Nariai solution [114, 115, 116] satisfies the Einstein field equations with Λ > 0,
without or with a Maxwell field and was discovered by Nariai in 1951 [114, 115]. It is the
direct topological product of dS2 × S2, i.e., of a (1 + 1)-dimensional dS spacetime with a
round 2-sphere of fixed radius. This spacetime is homogenous with the same causal structure
as (1+1)-dimensional dS spacetime. However, it is not an asymptotically four-dimensional dS
spacetime since the radius of the 2-sphere is constant in contrast to the dS spacetime where
the radius increases as one approaches infinity.
Three decades after Nariai’s paper, Ginsparg and Perry [78] demonstrated the relationship
between the Nariai solution and the Schwarzschild-dS solution. They showed that the neutral
Nariai solution can be generated from a near-extreme dS black hole through an appropri-
ate limiting procedure in which the black hole horizon approaches the cosmological horizon.
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Hawking and Ross [86] and Mann and Ross [110] have concluded that the charged Nariai
solution can be generated from the dS-Reissner-Nordstro¨m black hole by approaching the
cosmological horizon from the outer black hole horizon.
These relations between the near-extreme dS black holes and the Nariai solution are unex-
pected since (i) the dS black holes have a curvature singularity while the Nariai solutions do
not, (ii) the Nariai spacetimes are homogeneous unlike the dS black hole spacetimes, and (iii)
the dS black holes approach asymptotically the 4-dimensional dS spacetime but the Nariai
solutions do not.
The Bertotti-Robinson solution [2, 131] is an exact solution of the Einstein-Maxwell field
equations with arbitrary Λ and was discovered independently by Bertotti and Robinson in
1959. It is the direct topological product of AdS2 × S2, i.e., of a (1 + 1)-dimensional AdS
spacetime with a round 2-sphere of fixed radius. The anti-Nariai solution [24, 38], i.e., the
AdS counterpart of the Nariai solution, is an exact solution of the Einstein field equations
with Λ < 0, without or with a Maxwell field. It is the direct topological product of AdS2×H2
with H2 being a 2-hyperboloid.
Following a similar procedure to the one applied in the Nariai solution, the Bertotti-
Robinson solutions with arbitrary Λ can also be generated from the corresponding near-
extreme Reissner-Nordstro¨m black holes by matching the inner black hole horizon and outer
black hole horizon. Similarly, the anti-Nariai solution can be obtained from the AdS black
hole when the black hole horizon approaches the cosmological horizon. However, there are
AdS black holes whose horizons have topologies different from spherical, such as toroidal
horizons or hyperbolical horizons, also called topological black holes. The AdS black hole
that generates the anti-Nariai solution is the hyperbolic one.
In 2003, Dias and Lemos [45] applied the Ginsparg-Perry procedure to non-rotating C-
metric solutions in a background with generic cosmological constant. They generated the
Nariai C-metric, the Bertotti-Robinson C-metric, the Nariai Bertotti-Robinson C-metric and
the anti-Nariai C-metric with clear physical and geometrical interpretations. These solu-
tions are the C-metric counterparts (A 6= 0) of the Nariai, Bertotti-Robinson and anti-Nariai
solutions (A = 0), among others. They are specified by an extra parameter: the accelera-
tion parameter A of the C-metric from which they are generated. These solutions reduce to
the Nariai, the Bertotti-Robinson, the Nariai Bertotti-Robinson and the anti-Nariai solutions
when A = 0. It would be interesting to generate the rotating generalization of these solutions
from the general solution (8.7)–(8.10).
The most general four-dimensional C-metric type solutions should also include the cosmo-
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√−g [R− 2(∇φ)2 − V (φ)− e−2αφF 2] , (8.14)
where R is the Ricci scalar, F 2 = FµνF
µν is the usual Maxwell contribution, V (φ) = 2Λe2βφ
is a Liouville potential involving a dilaton field φ, α is the parameter governing the strength
of coupling between the Maxwell field and dilaton field, and β is a constant. Here, Λ is the
cosmological constant although in the presence of a non-trivial dilaton field, the spacetime
does not behave as either de Sitter (Λ > 0) or anti-de Sitter (Λ < 0). In the absence of
the Liouville potential (V (φ) = 0), the exact static charged dilaton black holes have been
constructed by many authors (see [77, 95, 19, 72, 80, 130]). For the case in the presence of the
Liouville-type potential, static charged dilaton black holes have also been discovered with a
positive constant curvature event horizon [28] and zero or negative constant curvature event
horizons [21, 23, 22]. Recently, the properties of these black hole solutions have been studied
in [32, 33]. Furthermore, Poletti and Wiltshire [125] showed that with the exception of a
pure cosmological constant potential (β = 0), no asymptotically de Sitter or anti de Sitter
static spherically symmetric solution with Liouville-type potential exists. It then remains
an open question whether an asymptotically well-behaved static C-metric type solution with
Liouville-type potential exists in four dimensional spacetime.
On the other hand, till now, no explicit single rotating charged dilaton black hole has
been found except for some limited values of the dilaton coupling constant such as α =
√
3
by Frolov, Zelnikov and Bleyer [71] and α = 1 when the string three-form Hµνσ is included
by Sen [134]. For general coupling constant, the properties of charged dilaton black holes
have been investigated only for rotating solution with infinitesimally small angular momentum
[90, 135, 75] or small charge [26]. Very recently, Dehghani and Farhangkkah [40] have presented
a class of charged rotating solutions in four-dimensional Einstein-Maxwell-dilaton gravity with
zero and Liouville-type potentials. Therefore, the construction of the rotating C-metric type
solutions in four-dimensional Einstein-Maxwell-dilaton gravity with Liouville-type potential
is still far from obvious.
Lastly, as motivated by string theory or M-theory, a lot of effort has been spent on the
construction of higher dimensional black hole solutions. To date, the attempt to obtain a five-
dimensional C-metric solution has not been successful. Although the solution we presented
in Chapter 7 reduces to expected results in various limits, it still cannot be the generalization
of the C-metric solution in five dimensions. Firstly, this solution turns out to the same as the
one described by Emparan and Reall in [59] who argued that it should be interpreted as an
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expanding Kaluza-Klein bubble with a black hole sitting at the throat. Secondly, as Gregory
and Charmousis [30] surmised, the “true” five dimensional C-metric is expected to have SO(3)
spatial symmetry, whereas ours has only U(1) × U(1) symmetry which is an artifact of the
generalized Weyl formalism that is not easily bypassed. However, the solution we constructed
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